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CHUONG I. MENH DE - TAP HQP
§1. MENH PE

|. KIEN THUC CO BAN
1. Khai niém ménh dé
Méi ménh dé la mét cdu khcfng dinh hodc dung, hodc sai.
Mot ménh dé khéng thé vira diing, vira sai.
Vidul:“Sb n 16nhon4” (1a mot ménh dé sai)
2. Cac loai ménh dé. Cho 2 ménh dé P va Q
= Me¢énh dé phi dinh cia P: ki hiéu P (khong P)

Néu P dtng thi P sai va nguoc lai

= M¢énh dé kéo theo: ki hiéu P=Q (néu P thi Q)

Ménh dé P = Q chi sai khi P dang va Q sai

= Ménh dé dio:
Ménh & Q= P 1a ménh dé dao cia ménh dé P=Q
= M¢énh dé twong dwong: ki hiéu P < Q

Ménh dé P < Q ding khi P va Q cung ding hoic clng

3. Ménh dé chira bién
e L& chu khiang dinh ma tinh dung sai con tly thudc vao mdi gia tri cu thé cia
bién.
e Khi gin thém ki hiéu: vV (v6i moi); 3 (ton tai) thi dwoc mot ménh dé.
Vi du 2: Xét P(x) = “X -5 < 6” 1a ménh d& chtra bién. Khi chon x =1 ¢6
P(1)=%1-5<6(dlng), x=15coP(15)=“15-5<6" (sai).
Gan thém ki hiéu: 3, “IxeR , X - 5<6” 1a ménh d& dang
V,"Vx e R,Xx—5<6"1a ménh dé sai.
% Chuy:

& Phu dinh cua "vx e X,P(x)" la:"3Ix e X, P(x)"

& Phu dinh cua "3x € X, P(x)" la:"vx e X, P(x)"

I1. BAI TAP AP DUNG
Bai 1.Trong C4c cAu sau, cau nao la ménh dé:
a/ “ Phuong trinh: x* +4x+5 = 0 ¢6 nghiém”
b/ “x*>x”
¢/ “Hinh chir nhat 1 hinh binh hanh c6 2 duong chéo bang nhau”

Giai
a/ Ménh dé sai: vi A" =-1<0 nén phuong trinh khong c6 nghiém
b/ Khong 1a ménh dé: vi véix =2 co 4 > 2 (dung) ; véix =1 c¢6 1 > 1 (sai)
— Khang dinh vira dGing, vira sai.
¢/ Ménh dé dung (theo ddu hiéu nhan biét hinh chir nhat).
Bai 2. Lap ménh dé phu dinh ctia cac ménh dé:
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a/ A =“2008 chia hét cho 9”
b/B=“vxeR, x?>x"
¢/C=“IneN,n*=3n-2"
Giai:
a/ A= “2008 khong chia hét cho 9”
b/ B="3xeR, x?<x"
¢/ C="vneN,n?%3n-2".
Bai 3. Cho ménh dé P =“A ABC=A A'B'C'” vi ménh d& Q = “AABC ~ AA'B'C'"”.
Lap ménh dé “P=Q”, “Q=P” va cho biét mdi ménh dé vira lap ding hay sai?
Giai
e (P=0Q): “Néu AABC=AA'B'C' thi AABC ~ AA'B'C'” diy la ménh d¢ dung
e (Q=P): “Néu AABC ~ AA'B'C' thi AABC=AA'B'C'” diy la ménh d¢ sai.

BAI TAP
Bai 1. Khang dinh nao la ménh d&? Néu 1a ménh d¢, cho biét diing hay sai:
al3+2=7 b/ 7 <315
c/ |-5/=5 d/4+x>3
e/ Nam 2008 1a nam nhuén f/ Lop ching ta rat cham hoc Toan.
Bai 2. Trong cac cau sau cau nao la ménh dé, cdu nao la ménh dé chira bién:
al x+y=>1 b/ 2-65<0
¢/ x*+1=0 ‘ ¢/ \/2 1 56 hitu ti.
Bai 3. Xét tinh ding sai cua ménh dé phu dinh cac ménh dé sau :
al A="VxeR, x+3<2" b/B="vneN,n’>=4n-3"
c/C="3xeQ, x*=3" d/D:"HXEZ,XSE"

X

Bai 4. Dung céc ki hiéu Vv, 3 dé viét cac ménh dé:

a/ Binh phuong ctia mdi s6 nguyén déu 16n hon chinh nd

b/ Moi s6 nguyén t6 déu 1a s 1¢

¢/ C6 sd hitu ti ma binh phuong cua né bang 5

d/ C6 sb thuc ma sd ddi bang véi sb nghich dao cua nd
Bai 5. Cho ménh dé P = “AABC can tai A” va Q = “AABCc6 B=C".

Hay 1ap cac ménh &P = Q,Q = PvaP < Q.
Bai 6. Cho ménh dé chira bién P(x): “ x = x*” v&i x 13 s6 nguyén. Xéc dinh tinh dang sai cua
cic ménh dé sau

al P(1) b/ P(‘?lj

¢/ IxeZ,P(x) d/ VxeR,P(x)

&= Goi y: a/ P(1): “1 = 1% b/ Tuwong tu a
¢/ IxeZ,x=x* d/ Tuong ty ¢
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§ 2. TAP HOP

I. KIEN THU'C CO BAN
1. Cac khai niém

Tdp hop 1a mot khai niém toan hoc, né chira mot nhom phan tir ¢6 chung mét hay vai tinh
chat nao do.

Néu m 1a phan tir ciia tdp hop A ta viét: meA.

Tap hop thudng dugc biéu dién dudi dang: néu tinh chit hay 1iét ké phan tu.

= Tip con: Tap A dugc goi la tip con cua tip B néu moi phan tir cia tip A déu
thudc tap B

AcB@(Vx,xeA:)xeB)

= Tép hop bang nhau:

A=B<= AcBvaBc A

= Téap rong ‘
@ Tap khong c6 phan ti.
Vi du 1: Liét ké céc phan tir ciia tap A= {x eR| x*+1= O}

Phuong trinh: x*+1=0 v nghiém nén tap nghiém cta phuong trinh

S=g
1. BAI TAP AP DUNG
Bai 1. Hay liét ké phan tir ctia tap hop A = {x 7| (2x-1)(x*~3x—4)= o}
Giai
2x-1=0 vl
Ta c6 pt: (2x—1)(x2—3x—4)=0<:{x2_3x_4_0<:> 2
- x=-1lux=4

Vi xeZ nén A={-14}.
Bai 2. Tim tét ca céc tap con cla tap A = {a;b;c}
Giai
Céc tap con cua A la:
2ifal: (o} o)

{a;b};{a;c};{b;c}; A
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BAI TAP

Bai 1. Viét cac tap hop sau dudi dang liét ké phan tu:
A= {xeN| (x*-4)(x* -5x+4)=0| B = {xeq| (2x-3)(3x*~2x)=0|
C = {xeZ| 3x*+2x*-5x =0} D= {XER| (2x—1)(x2+x+1):0}
E={xeN| 2x-1<7| F={xez| |x|<3}

Bai 2. Cho cac tap hop:
A:{XGR| x2—2x+5=0} B={xeN| 3-x>0}
C={xeQ| x*-2=0} D={xeZ| 0<x<3}

a) Tap ndo la tap rong? ‘

b) Tim quan h¢ tap con, bang nhau gitra cac tap hop trén.
Bai 3. Tim tat ca cac tap hop con ctia moi tap hop sau:

a) A={-10;1 B = {T;0;A;N]} C={xeR| x'-5x*+4=0}
Bai 4: Xac dinh quan hé tap con giira cac tap hop sau:

A= {x| xla hinh thang can} B ={x | xlahinh binh hanh}

C= {X| X lahinh chir nhat } D = {x| xlahinh thoi} ;
E = {x| xlahinh vuéng}
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§3. CAC PHEP TOAN TAP HQP

I. KIEN THUC CO BAN

1. Phép hep: AUB={X| XeAhayxeB}

2. Pheép giao: AmB:{x| xeAvéxeB}

3. Phép hi¢u: A\B={x| xeAvax¢B}

4. Phanbu: Khi AcE,CcA=E\A
1. BAI TAP AP DUNG
Bai 1. Cho A = {-1;,3,-5;7;-9;11;-13;15} va B = {0;3;6;9;12;15;17}..
Xac dinh: AnB,AuB,A\B,B\A.
Giai
ANB={315;
AUB={-1,3-5;7;,-9;11,-13;15;0;6;9;12;17}
A\B={-1,-57,-9;11;-13}; B\A={0;6;9;12;17}

BAI TAP
Bai 1. Cho D ={0;1,2;3;4;5}; E={0;2;4;6}; F={0;36;9,12}
a) Xacdinh DNE,EUF,FND;
b) Xacdinh E\F; D\E; F\D;
¢) Xacdinh (DUF)\E; (ENnF)uD; (E\D)NF.
Bai 2. a/ Xac dinh cac tap hop C,A va C.B vdi
A={xeR| x*-4x-5=0}; B={xeR| 4-5x>0}
b/ Xéc dinh céc tip hop: E = {x eR| 2x*-Bbx+2# 0} ;
F :{XeR| x£4vax2—4x+3¢0}.
B{E\i 3. Trong ) flS hgc sinh cua 16p 10A c6 15 ban dugc Xép loai hoc sinh ?gi(’)i,,ZO ban duoc
x€p loai hanh kiém tdt, trong d6 ¢6 10 ban vira hoc luc g,iéi‘, vua cQ hanh kiém tot. Hoi
a) Lop 10A c6 bao nhiéu ban dugc khen thuong, bi€t rang muodn duoc khen thuong ban
dé phai c6 hoc luc gioi hodc co6 hanh ki@m tot ? o
b) Lép 10A c6 bao nhiéu ban chua dugc xép loai hoc lyc gidi va chua c6 hanh kiém tot?
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§4. CAC TAP HQP SO
I. CAC TAP SO PA HQC

1. Tap céc s tw nhién N
N={0123..};
N ={1,23..}.

2. Tap cac sé nguyén Z
Z={..,-3,-2,-1,0,1,2,3,..}

3. Tap cc s6 hitu ti Q

@:{%| a,beZ,b;«tO}

S6 hiku ti cOn biéu dién duge dudi dang sb thap phan hiru han hoac v6 han tuan hoan.
Vi du 1: %:1,25
S6 thap phan vo han khong tuan hoan goi 1 56 vé fi.
Vidu 2: 2,43,...

4. Tap hgp cac s0 thue R ‘ .
GOm céc so6 thap phan hitu han, v han tuan hoan va v6 han khong tuan hoan.

% Chuy:

e NcNcZcQcR.
Il. CAC TAP CON THUONG DUNG CUA R

e Doan [a;b]={xeR| a<x<b| 7////4;{74 ]/6/4/7/7/-»
¢ Khoang (a;+)={xeR| x>a| ///Z/_//_a_.(_ e

¢ Khoang (—o;b)={xeR| x<b}

e Nura khoang b
[a;b)={XER|aSX<b} yyyal \/ / /7
I 7777
(a;b]:{XER| a<xsb} a b
[a;+oo):{XEIR| xza}
(—oo;b]z{Xe]R| xsb} ]////// ///A
Vidu 3. Phén biét cdc ki hiéu: {1;2}; (1;2); [1;2] b

{1;2} 12 tap hop r0i chi chira hai phan tir 13 1 va 2.
(1;2) 1a mot khodng chtra v6 s6 phan tir 1a nhitng s6 16n hon 1 va bé hon 2.
[1;2] 1a mot doan chira vo s6 phan tir gdm 1; 2 va tat ca nhitng sb 16n hon hodc bang 1 va
bé hon hoic bang 2.
Nhu vay: [12]\(12) ={1;2}
I11. BAI TAP AP DUNG
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Bai 1. Viét tip hop A dudi dang khoang, doan: A = {X eR| 4-3x 210}
Giai
Tacl: 4-3x>10< -3x>6<>x<-2
Vi xeR nén B = (—x;-2]
Bai 2. Cho A = [-1;,3) va B =(-x;1).
Xéac dinh: AnB, AuB, A\B, B\A, C.B
Giai

—0 -1 3 +00
S o
3 A A

—0
ANB=[-11); AUB=(-x;3); A\B=[13)
B\A=(—oo;—1); CRB:[lH—oo)

‘ ) BAI TAP
Bai 1. Bién vao cho con trong (...) trong bang dudi day:
2<x<5 x e[2;5)
-3<x<2 XE.vvrvnnnn
............... xe[-17]
............... X e (—00;3]
x>0 XE.ovvinn.

Bai 2.Viét cac tap hop sau dudi dang khoang, doan:

a/ A= {xeR| x<3| b/B={xeR| 1<x<3]
¢/ C={xeR| 2x-1>0} d/D={xeR]| |[x<1
e/ E= {xeR| 5-4x<0} fIF={xeR| x*<4|
Bai 3. Xac dinh AnB; AUB; A\B; B\A vdi:

a/l A= (-53) va B=(-7;0) b/ A =[15] vaB = (4,5;+x)

¢/ A={xeR| -1<x<5} va B= {xeR| x>2]

d/ A={xeR| 2x-1<0} va B= {xeR| -2<x<3}

Bai 4. Cho A = [x;x+1]; B=[2;5]

a/ Timx dé AcB b/ Timx dé¢ Bc A ¢/ Timxdé AnB=J

X>2 2>X
b/ BcAe
X+1<5 5<x+1

X+1<2
X>5

Bai 5. Cho A = (—wo;x] va B =(2;+x)
a/ Timx dé AnNB=0 b/ Timx dé AUB=R.

@Gg’ij:a/AcB@{

c/ AmB:®<:{
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§5. SO GAN DUNG. SAI SO

I. KIEN THUC CO BAN
1. S6 gan ding: Két qua cia do luong 1a mot sb gan ding. Trong do dac, tinh toan ta thuong
chi nhan duogc cac sd gan dang.
2. Sai 50

a) Sai sd tuyét dbi: A, = ‘ a—a‘

a la s6 gan ding cua so dung a.

Néu A, <d.Khi d6, ae[a—-d;a+d]. Thuong viét: a=a+d
Ta néi: sd a ¢6 do chinh xac la d
b) Sai so tuong doi:

3. SO qui tron:
% Nguyén tic 1am tron so:
Qui tron dén hang nao thi tit ca cac chir s bén phai hang d6 thay bang chit s6 0
Néu chir s6 k& bén phai hang qui tron 16n hon hay bang 5 thi phai ting thém mot don
vi vao hang qui tron
=Chay: Do chinh xéc cua sb qui tron bang nira don vi cua hang qui tron.

4. Chir s6 chic
Cho a=a+d. Trong sb a cac chit sb goi 13 chit s6 chic néu d khong vuot qua nira don vi
ctia hang chira chit s6 do.
I1. BAI TAP AP DUNG
Bai 1. a/ Lam tron s6 a = 2389,4615 dén hang chuc, hang phan trim
b/ Viét s6 qui tron cia s6 b = 3,1463 biét b =3,1463+0,001.
Giai
a/ eLam tron dén hang chuc:
Chir s6 lién ké bén phai hang chuc 12 9 (ma 9 > 5) nén cong thém 1 don vi
vao hang chuc. Vay: a~2390.
e Lam tron dén hang phan tram:
Chir s6 1ién ké bén phai hang phéan trim 14 1 (ma 1 < 5). Vay: a~2389,46. b/ S6 b c6 46
chinh xéc 12 0,001 nén ta 1am tron sb b dén hang phan tram
Vay: b~3,15
Bai 2. Xéc dinh chit sd chéc cua cac sb sau:
A =2,47865 (+0,00312) B =987123456 (+650)
Giai
¢ C0 0,00312 < 0,005 = dd chinh xac nho hon ntra don vi hang phﬁn tram
Ma chit s6 hang phan tram 14 7
Vay céc chit s6 chic cia s6 A1a 2 ;4 ;7 (gom 7 v Clc chir s6 bén trai nd)
¢ C0 650 <5000 = d6 chinh xac nho hon nira don vi hang chuc nghin
Ma chir s6 hang chyc nghin 13 2
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Vay céc chit s6 chic ciasé B19,8,7, 1,2
Bai 3: Mot hinh chit nhat c6 cac canh: x=4,2m + 1cm;y=7m +2cm.
Chung minh rang chu vi P cta hinh chit nhat1a P =22,4m + 6cm.

Giai
Taco:P=2(x+y) = 2(4,2+7) =22,4m
Lai co: 2(1 + 2) = 6cm
Vay P=22,4m + 6cm

~ BAITAP
Bai 1. Lam tron cac so sau ddy: a = 9145,76238; b =27394,10075
a/ Bén hang don vi b/ Bén hang phan nghin
Bai 2. Hay viét cac sb gan dang cua +2; 35 véi:
a/ 4 chir sb thap phan . b/2chi sé thap phan
Bai 3. Hay viét so qui tron ctia cac so gan dung x, y biét:
a/ x=1356,5(+0,1) b/ y=1357,25(+0,01)

Bai 4: a/ Dén s6 ctia mot tinh 1a M = 2731425 (ngudi )+ 200 (ngudi). Hoi trong s6 M chit sd
nao la chac? . o

b/ Chiéu dai mot cai cau do duge 1a N = 1745,25m + lem. Xac dinh chir so chic cua
N?

¢/ Viét céc s gan dling: 2731425; 1745,25 dudi dang chudn
Bi 5: Cho biét do chinh xac cua cac s6 gan dung trong cac cach ghi sau:
al Gia tri /5 ~2,236
b/ Dan sb Viét Nam nim 2005 vao khoang 83.10° nguoi?

TONG KET CHUONG I

l. KIEN THUC COBAN
1. Ménh dé: V6i hai ménh dé P va Q
> P :phuadinh cia P
> P=Q: ménh dé kéo theo
» Q= P:ménh dé dao cia ménh dé P=Q
> P < Q:ménh dé tvong duong
2. Pinh li: la ménh dé ding thieong cé dang P = Q
(P: gia thiét va Q: két luan) ,
Co6 hai cach chiing minh Dinh li: tryc ti€p va phan ching.
3. Tap hop: *Tap con AcB < Moi phan tir ciia A déu thudc B

AF\B={X‘ xeAVéXEB}
e Cac phép tinh:
AuB={x‘ XEAhayXEB}
o = A\B={x| eAvaxgB!
4. So gan dung: a=atd
a: sb6 dung; a: s6 gan dung; d: d6 chinh x4c ctia s6 gan dung
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a. Sai s6 tuyét ddi: A, :‘5—a‘; A, <d

b. Sai sb tuong dbi: 8, —| |

C. Chir so trong a dugc goi la chit so chdac néu d khong vugt qua nira don vi cua
hang chtra chir so.

‘ BAI TAP
Bai 1. Cho cic ménh dé:
A="3IxeQ;x*<-2x+3" ="VxeN; x> Lo
X
C="3IxeZ;n*+1:3" D="vxeR;x*-3x+5=0"

a/ Hay xét tinh ding sai cia mdi ménh dé
b/ Lap ménh dé phu dinh ctia n6
Bai 2. Cho 2 ménh dé: P = “Tt giac ABCD 1a hinh thoi” vd Q = “Tu giac ABCD ¢ hai
duong chéo vudng goc va cit nhau tai trung diém mdi duong”
a/ Lap m¢énh dé kéo theo “P=Q”. Chung t6 ménh dé nay la mdt dinh i
b/ Phat biéu dinh 1i d6 theo cach dung thuat ngit “diéu kién can”, “diéu kién du
¢/ Phat biéu dinh i dao ctia dinh Ii trén
Bai 3. Dung phuong phap phan chimg chimg minh cac dinh li sau:
a/Néua+b <2 thi trong hai s6 a va b phai c¢ it nhat mot s b hon 1
b/ Cho n 14 sd tu nhién, néu 5n + 4 13 s6 1é thi n 1a s6 1é
Bai 4. Xac dinh cac tap hop AnB, AuUB, A\B, B\A

8) A={xeZ| (x*-3x)(2x*~3x+1)=0} va B={xeN| xi3vax<10}

2

b) A={xeN'| 9-2x>0} va B={xeQ| (x-+3)(x-3)(2x~1)=0]
c) A=[-32) va B={xeR| x>-1
d) A={xeR| [x<1} va B={xeR| 0<x<3}.

Bai 5. X4c dinh phan bu cua cac tip hop sau trong tip R :
a) A={xeR| 4-x*=0} b) B={xeR| 2x-3<0}

c*) C={xeR| |x|>3| d*) D={xeR| 2x*-3x-5=0}

Bai 6. Viét s6 gan dung cua +/5; ¥2++/7 ¢6 hai, bdn chir sé thap phan.
Bai 7. a) Chiéu dai ctia mot ciy caula a = 1645,36m =1cm .
Hay viét s6 qui tron cta sé gan diing 1645,36.
b) Gi4 tri gin dung cia © 1a a = 3,141592653589 v6i d6 chinh xac 1a 10™'° Hay viét s6
qui tron cua a.
Bai 8. Mot bé ca cb dang hinh hdp chir nhat co6 chiéu rong a = 60,5+ 0,1cm;
Chiéu dai b = 142,3+0,2cm va chiéu cao h=81,5+0,3cm
Hay tinh dién tich d4y va thé tich cta bé do.
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CHUONG 2. HAM SO BAC NHAT VA BAC HAI
§1. HAM SO

|. KIEN THUC CO BAN
1. Dinh nghja. pho tips6 D= vaD R. Ham s6 f x4c dinh trén D 12 mot quy tic dat
tuong ung moi so x € D, vdi mdt va chi mot so f (x).
e Tap D goi 1a tdp xdc dinh ; S6 x goi 1a bién s6
o SOf(x) goildgia tri ciia ham [ tai x.
Vi du 1 : Xét ham sb f(x) = ’;—f

Tai x = 2 thi gi4 tri ham s6 12 f(2) = z_f _

3

Ham s xé4c dinh khi x—1#0<> x #1. Vay tap xdc dinh D =R\ {1}

Tap xac dinh (TXD) ctia ham s6: gdom tat ca cac sd thuc x sao cho f (x) xac dinh.

= Chuy: 2P(x) ;neN x4c dinh < P(x)>0 ; gg)} xac dinh< B(x) #0

2. D6 thi. Trong mat phang (Oxy), tap hop cac diém (x,;f(X,)) v6i Xo € D, goi la do thi ctia

ham y = f(x).
3. Tinh bién thién: Cho tap K = D
e Ham s6 f goi 1 dong bién (ting) trén K néu: vx,,x, € K, x, <x, = f(x,) <f(X,)

o Ham s6 f goi 1a nghich bién (giam) trén K néu: vx,,x, € K,x, <X, = f(x,) > f(x,)

< Dinh Iy:

M>O < Ham s6 f ting trén K

VX, X, € K, X, #X,,
X, =X

M<O < Ham sb f giam trén K

VX, X, € K, X, #X,,
X, =%

Vi du 2. Xét ham s6 f(x) = 2x -1 ¢6 tap xac dinh D = R nén vx, #x, €R thi:

o) =T(x) _ (2%, =1 =2, ~1) _ 2%, =x)) _ 2>0.Vay ftang trén R.
Xy =% .

X, =%y X, =Xy
2. Bang bién thién ham sé: Dién ta ham s6 nghich bién, hay dong bién trén cac khoang
ta dung chiéu miii tén di Ién hodc di xuong. Két qua d6 dugc tong két trong mot bang

g0i 14 bang bién thién.
X —0 2 +00

y=x?—4x +3 +\ 40

-1
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5. Tinh chén, 1é: Ham s y = f(x) c6 tdp xac dinh D
e VxeD co: —xeDvaf(-x)=f(x) <f laham sé chin
e VxeD co: —xeDvaf(-x)=-f(x)<f laham sb 1é

Db thi cia ham sb chin ddi xtmg qua truc Oy, dd thi cua ham s6 1é dbi xtng qua tim O 1a
goc toa do.

Vi du 2. Xét ham sd y = f(x) = - 2x%. Tap xac dinh D= R nén VxeDthi —xeDva f(-x) =
—2(=x)% =—2x2= f(X). Vay ham sb chin va d6 thi cta n6 dbi xtimg qua truc Oy.
1. BAI TAP AP DUNG

4—X
2X -5

Giai

Bai 1. Tim tap xac dinh ciia ham sb: y =

<
4-x>0 x<4

Ham sd y x4c dinh < =
2x-5#0 X #

Tap xac dinh D =(—oo; 4]\{2}

Bai 2. Cho ham sb f(x) = Ls
X_

Xét tinh dong bién hay nghich bién ctia hdm s trén khoang (3;+)
Giai
Tép xac dinh D = R\{3}. Khoang (3;+)cD

V X1, X2 €(3;+0) V& X1 X, ta co

1 1 X, —3—X,+3 X, — X
f —_f = _ _ N 2 _ 172
) ) = X 3T (% =3) (% =3)  (%,~3)(x,~3)
:f(xz)_f(xl) _ X =X, 1 _ -1
X, — X, (x,=3)(%,—3) X, =%, (X,—-3)(x,—3)
Vi X, X, €(3+0)=x; >3V X >3 = 1 <0

(x,—3)(x,—3)
Vay ham s f nghich bién trén khodng (3;+)

4 a2
BAi 3. Xét tinh chin, 1¢ cia ham s6 y=f(x) = X o« *1

Giai
Tép xac dinh D = R\{0}

(—x)"=3(-x)"+1  x*-3x’+1
—X X

vxeD = xeD, f(-x)= = —f(x). Vay ham s 1é.
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BAI TAP
Bai 1. Tim tap xac dinh cac ham sd:
1 1
a) y=-x-3 b) y==x?
)y=1 )y=7
X+3 2X+3
d - e =
)y X?—3x+2 )Y X?—x+1
Bai 2. Tim tip xac dinh cac ham sd:
a) y=3x—5 b) y= 2X;5
x-1
d) y=v5-X++5+X e) y= >

Bai 3. Cho ham s6 y=f(x)=—2x+6
a) Tinh £(0); f(g); f(a+1)

b) Tim x dé f(x) =0; f(x) =3
Bai 4. Cho ham s6 y =f(x) =x?-3x+2
a) Tinh  f(2); f(a-5)

b) Timx dé f(x)=0; f(x)=—-2;, f(x)=12

Trwong Cao Pang Ly Tw Trong TP. H6 Chi Minh

0) y:x+3 x-1
X-1 X+3
f) :x+5 X+3

+
9—x*> Xx®—4x

x> =2

= (X +2)V/x+1

Bai 5. Chitng minh rang cac ham s6 sau diy dong bién trén khoang da chi ra:

a) y="Ff(x)=x"-2x trén (2;+x)

c) y=x* trén (—oo;+o0)

b) y=—— trén (2-+0)
X—2

d) y=+/x trén (0;+o)

Bai 6. Chirng minh rang cac ham s6 sau nghich bién trén khoang da chi ra:

a) y="f(x)=x"-4x+3 trén khoang (—;2)

C) y=+/4—x trén khoang (—o0;4)

Bai 7. Ching minh cic ham sd sau ddy 13 chin:

b) y:i trén khoang (-5;+0)
X+5

d)y _x+3 trén khoang (—o0;-2)
X+2

) y=f(x)=x%; b) y=|[x-2|+|x+2];¢) y=v2-x++2+x; d) y:\/3—X2+«/3+x

Bai 8. Ching minh cac ham sé sau déy 1a 1é:

a) y=f(x)=x%*-3x

X -4

b) y=[3x-2|-[3x+2|

§ yBE R

C =
)Y x? -1

T6 Toan hoc - Khoa khoa hoc co' ban
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I. KIEN THUC CO BAN

§2. HAM SO y = ax+b

1. Pinh nghia: Ham s6 bac nhit 1a ham sb c6 dang: y=ax+b (a=0).

2. Tinh chit:

a) Tdp xdc dinh.: D = R
b) Tinh bién thién:

X —00 +00
y=ax+b +00
(a>0) —oo/

@ Khi a > 0 ham s6 dong bién trén R .

c) Tinh chan, 1é:

> b=0 ham s y=ax 1a ham s6 1¢.

X —00 +00
y=ax+b +00
(a<0) \—oo

> b = 0ham s y = ax + b khong chin, khong 1é.

@ Khi a < 0 ham s nghich bién trén R .

) Do thi: |a dwong thang cat tryc Oy tai (0;b) va cat Ox tai (_—b ; Oj
a

Puong thang y = ax + b c6 hé s6 goc 1a a.

= Chay: 1/ Cho hai duong thang (d): y=ax+b va(d ):y=a x+b'.

I1. BAI TAP AP DUNG
Bai 1. Lap phuong trinh duong thang di qua M(2;1) va N(1;-1)

(d)/(d)y<>a=a va bzb

(dy=(d')Y<a=ada va b=b

o (d)cit(d)=azd

2/ Moi duong thang trong mit phang (Oxy) déu c6 phuong trinh dang:

ax+by+c=0.

Pic biét: ) (d): y=m cing phuong v6i Ox va di qua diém (0; m)

b) (d): x =n clng phuong véi Oy va di qua diém (n; 0).

C6 Xm = 2 # Xy = 1 nén duong thaing MN khong song song v6i Oy

Goi phuong trinh duong thang (MN): y =ax + b

M(2;1) e (MN) @{

N(L-1)e(MN)

|

1=2a+b
-1=1a+b

“|

a=2
b=-3

Viy phuong trinh dudng thang (MN): y = 2x — 3.

T6 Toan hoc - Khoa khoa hoc co' ban
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Xx+2vbix=>1

Bai 2. Lap bang bién thién va vé db thi ham sé y = {_X Pt

Giai
e Tap xac dinh: D= [1; +oo) u(—oo;l) = (—oo; +oo) =R

e Bangbiénthién:  khix=1=1y=3

X —0 1 +00

y o \ / e
3

e D6 thi: V& nhanh I: d6 thi y=x+2voi x>1

X=1=>y=3, x=2=y=4 \\Y
Nhéanh | 1a tia c6 diém dau 1a (1; 3) va di qua (2; 4)
V& nhanh II: dd thi y = - x + 4 véi x < 1 3
x=1=>y=3"  Xx=0=>y=4
Nhanh IT 1a tia c6 diém dau (1; 3) va di qua (0;4). -— >

BAI TAP
Bai 1. Tim gié tri ctia m sao cho dd thi ctia ham sd y =2mx+m+1
a. DiquadiémA (1;2)
b.  Song song voi dudng thang y = 4x.

c.  Cit truc hoanh tai diém c6 hoanh d6 béng -3.
Bai 2. V& do thi cta cac ham so:

a y=2x-3 b. y=2
—X+2 XxX2=22 X+2 X>-2
C.y= dy=
3 X<2 5-2x x<-2

Bai 3. Lap phuong trinh dudng thing (d) khi biét:

a. (d)qua diém A (-1 ;2) va c6 hé sé goc bing —%

b. (d) qua 2 diém A (1; -3) va B (0; -5).
c. (d) qua diém A (4; 3) va song song voi dudng thang (d,):x+2y—4=0
Bai 4. Cho dudng thang (d):y=5-4x
a. Tim giao diém cua (d) voi cac truc Ox, Oy;
b. Tim giao diém cua (d) véi (d,):y=2x+3;
¢. Tim giao diém cia (d) voi (dy):y =3;
d. Tim giao diém cua (d) véi (dz): x =-1.
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Bai 5. V& d6 thi ctia mdi ham s sau va 1ap bang bién thién:
a. y=[2x+1 b. y=-2|x+1 c.y=2Jx]-1
Bi 6. Lap phuong trinh dudng thing (d) khi biét:
a. (dydiquaA2;-1)vaB(2;3);
b. (d) vudng goc (d): y = 2x — 1 va cit truc tung tai diém co tung do 13 8;
c. (d) di qua gbc toa d6 va goc tao boi tia Ox v6i phan dudng thing (d) ndm trén truc
hoanh c6 s6 do 1a 30°
FGoiy:b) (d)y=ax+b;(d):y=ax+b’ ; (d L(d) < aa =-
c¢) Hé s6 goc a =tana véi ala sd do goc tao bdi tia Ox va phan duong thang (d) nam

trén truc hoanh.
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§3. HAM SO BAC 2
|. KIEN THUC CO BAN
1. Pinh nghia. Ham s6 bac hai 12 ham sb c6 dang: y=ax?+bx+c trong d6 a, b, ¢ 1a
nhiing hang so voia # 0.
2. Tinh chat
a. Tap xacdinh: D = R
b. Tinh bién thién

X - 0 b+ X -0 b+
2a 2a
y=ax’+bx+c |+ + o0 y=ax’+bx+c A
(a>0) (a<0) / 4a \
_A - 00 - 00
da

c. Tinh chan, 1é
e b=0 Ham s y=ax®+c la ham sb chén .

e b= 0 Ham sb y = ax® +bx +c = 0 khong chén, khong 1¢é.

d. Bo thi: 1a mot Parabol (P) ¢ dinh I(;—:;EJ va ¢6 truc d6i ximg 14 duong thang

da
b
X=—.
2a
1. BAI TAP AP DUNG
Bai 1. Khao sat va v& dd thi ciia ham sé: y = x? - 4x +3

Giai
Tap xd&c dinhD =R

Pinh T ¢6 toa do : x| = ;_b=ﬂ=z V= ()2 —4(q) +3=2% 42 +3=-1.Vay (2 -
a

2.1
1).
) .. A
Truc d61 ximng X = 2
Béng bién thién 1
X —0 2 +00
2
=X"—4x+3 2 | X
y +00 +00 = . S
\ / 1 |
-1

Bai 2: Cho Parabol (P): y = -x* + bx + ¢
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a/ Tim b, ¢ biét (P) c6 dinh I(1 ; -1).
b/ Tim giao diém cua (P) va duong thing (D): y = 3x — 2
Giai
a/ Tach:x = —23:1 <b=-2a <b=-2(-1)=2
a

1(1;-1) e (P)< -1=-12+bl+c < b+c=0,b=2 = c=-2
b/ C6 (P):y=-x* +2x—2 va (D):y=3x-2

Phuong trinh hoanh d6 giao diém cia (P) va (D) -x* +2x — 2 = 3x — 2
SX+x=0x=0vx=-1

Théx=0vaoy=3x—2 =y =-2
Théx=-1vaoy=3x-2 =y=3(-1)-2=-5.
Viy 2 giao diém 1a (0;-2); (-1; -5).

BAI TAP
Bai 1: Khao sat su bién thién va v& do thi caa cac ham sd:
1 2 2
a y=—=Xx b. y=x"-2
2
C. y=—X"+4x d y=x*-2x+2

Bai 2: Khao sat su bién thién va v& do thi cia cac ham sb:
a. y=(3-x)° b. y:—%(x—Z)2

Bai 3: V& do thi ciia moi ham so sau:

4 v —X+1 x<-1 b. v = —X X<0
YT k243 x>1 YT 2iox x>0

Bai 4: Viét phuong trinh cua Parabol (P): y=ax?+bx+2 (a=0). Biét,
a. Parabolqua A (1;5)vaB (-2;8);
b. Parabol qua A (3; -4) va c6 truc déi ximg 13 x = —g;
c. Parabol c6 dinh | (2; -2).
Bai 5: Tim giao diém ctia d thi cac ham sd sau day:
Trong mdi trudng hop vé dd thi cua chung trén cung h¢ truc toa do.
a. y=x-1vay=x"-2x-1
b. y=2x-5va y=x*-4x+4
C.y=x’-xvay=-x*-2x+3

Bai 6: a. Cho hai Parabol (Py. y=2x* va (P,): y=2(x—4)? c6 thé ding phép tinh tién nhu
thé nao dé nhan duogc (P,) tir (Py).
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b. Cling hoi tuong ty vai (Py). y=2x* va (Py): y=2x*+4x-3
Bai 7: a. Tim gi4 tri 16n nhit, nho nhit cua ham sb: y=x?—-2x véi 0<x<3
b. Twong tu ham sb: y=-x?+5x—4 v6i 0<x<3
Bai 8: a. Khao sat va v& do thi (P):y =x2—2x
b. Dung d6 thi (P) bién luan theo m s6 nghiém phuong trinh x?—2x =m

ON TAP CHUGNG I
----- 3k k(B -----
I. KIEN THUC CO BAN
>
* Tépxacdih —/1— e dinh P00 >0; L) yie ginh © {g((i));%
P(x) Q(x)

e Hamsé y = f(x) co tip xac dinh D va K=D. VX, X, e K; X, #X,
f(x,)-f L f(x,)-f ,
M >0« fdong bién trén K ; M <0< fnghich bién trén K
X, =%y Xy =Xy
e Hamsb y =f(x)co tap xc dinh D. vxeD c6—xeD, f(-x) = f(x) < f 1a ham s6 chan ;
f(-x) = -f(x) < f 1a ham s6 1¢é.

e Tinh bién thién cia hAm s6: y=ax + b (a=0)

X —0 +00 X —00 +00

y=ax+bh +00 y=ax+b +00

(a>0) _oo/ (a<0) \_OO

e Tinh bién thién cua ham sb: y = ax* + bx + ¢ (a=0)

X - 00 £ + o0 X - 00 _E + o0

2a 2a

y=ax’+bx+c y=ax’+bx+c A
(a>0) (a<0) / 4a \
I - 00 - 00

e Cho ham sé: y = f(x) ¢6 dd thi (G1) va y = g(x) c¢6 d0 thi (G,). Mubn tim giao diém cua

(G1) v (G) ta giai h¢ {y:f(x)

hoac giai phuong trinh f(x) = g(x). Tt x tim y.
y=9(x)

Il. BAI TAP ,
Bai 1. Tim tap xac dinh cta cac ham so:
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a.y= Vx b. y=vXx+2++5-x

x—1
Cy= 2x -1 q* y:\/x—1+\/4—x
7 xP-x-2 ' (x-2)(x-3)

Bai 2. Lap bang bién thién ciia cac ham so:

a. y=-3x+5 b. y=[2-x|
C. y=x*—4x+5 d y=-x>-x+3
Bai 3. Bang dinh nghia xét tinh bién thién ctia ham s6 y = x__fl
Bai 4. Xét tinh chin, 1¢ cta cac ham sd sau:
a. y:x2X—1 b. y=+/x2 +% C'y:)|(x2|—:i d*. y=|x|+[x-1

Bai 5. Hay vé dd thi ctia cac ham sb sau trén cung mat phéng toa do roi xac dinh toa do
giao diém cua chung:
a y=—X+3Vva y=—-x*—-4x+1
b. y=2x+6 va y=x*-5x+6
c*. y=|x| vay=-x"+2x+2
Bai 6. Cho ham s6 y=x2+mx+m-1
a.  Khao sat sy bién thién va v& d6 thi ham sb véi m = 4.
b*. Tim céac diém c6 dinh ma ho Parabol y =x?+mx+m-1 di qua khi m thay doi.
Bi 7. Cho db thi (P) y =—-x?+2x . S& dugc do thi ham sb nao néu tinh tién (P):
a. Xudng duéi 3 don vi
b. Sang trai 2 don vi roi 1én trén 5 don vi
Bai 8. V& do thi ciia cac ham s6 sau roi 1ap bang bién thién ctia no:
2x  x<0
x> -x x>0

3

a. = |— _2 b_ =
d  ny]
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CHUONG II1. PHUONG TRINH VA HE PHUONG TRINH
§1. PAI CUONG VE PHUONG TRINH

. KIEN THU'C CO BAN

1. Phwong trinh mot an

Pinh nghia: Cho ham s6 y=f(x) va y=0(X) c6 TXD lan luot D, va D,

,dat D=D; NnD,. Ménh dé f(x)=g(x) duoc goi 1a phuwong trinh an X.

X: goi 14 an. D goi 1a TXD ctia phuong trinh.’ ‘

SO X, € D la mdt nghiém cua phuong trinh néu f(x,) =g(X,) l1a ménh dé dung

2. Phuwong trinh twong dwong

f,(x) = 9,(x) < f,(x) =9g,(x) (ching c6 cung tap nghi¢m)

Pinh li 1: Cho f(x)=g(x) ¢é TXP: D, y=h(x) la ham s xdc dinh trén D ta cé:
F(x) =9(x) = T(x)+h(x) = g(x) +h(x)
f(xX)=g(x) = f(x).h(x) =g(x).h(x) néu h(x)=0,vxeD

3. Phuong trinh hé qua ’
f,(X) =9g,(x) goi la phuong trinh hé qua cia phuong trinh: f(x) =g(x) n€u tap nghiém cua

n6 chira tp nghiém cta phuong trinh f(x) =g(x). Ta viét:
f(x)=9(x) = f,(x) =9,(x)
Vi du 1. Cho phuong trinh: /x =2—x (1) ¢6 tap nghiém S, = {1}
Binh phuong hai vé ta dugc phuong trinh méi: x = 4—4x+x* (2) ¢6 tip nghiém S, = {14}
. Nhén xét: S, < S, ta no61 phuong trinh (2) 1a phuong trinh hé qué cua phuong trinh (1).
Pinh i 2: Khi binh phwong hai vé ciia mdt phirong trinh ta dwoc phwong trinh
hé qua ciia phirong trinh da cho: f(x)=g(x)=[f (x)]2 = [g(x)]2

Vi du 2. Cho phuong trinh [x-1=x-3 (1)
Binh phuong hai vé ta duoc phuong trinh hé qua:
X?—2X+1=%X*—6X+9 <> X =2
Thir x =2 khong thoa (1).Vay phuong trinh da cho v6 nghiém
4. Phwong trinh nhieu an: la nhitng phuong trinh c0 dang: F(x,y) =G(X,y),

F(x,y,2) =G(x,Y,2),...

Vidu3. —x+2y+3=2x"+4xy—-y* (1)

Vidu4. 2x + 5y + 2 = Xyz

Céc khai niém vé TXD, tip nghiém, phuong trinh tuong dwong, phuong trinh hé qua, ...,
tuong tu nhu & phwong trinh mot 4n.
5. Phwong trinh chira tham sé: 12 nhitng phuong trinh trong d6 ngoai cac an con co nhiing
chir khac (tham sd).

I1. BAI TOAN AP DUNG
Bai 1. Tim diéu kién xac dinh roi suy ra tdp nghiém phuong trinh:
IX=1-2x=+/x-1-6 (*)
Giai
Piéu kién x—1>0< x>1
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(*) = -2x=-6<x=3 (thoa dkpt)
Viy tdp nghiém phuong trinh: S={3}

Bai 2. Giai phuong trinh (x* -4x+3)4/2-x=0 (*)

Giai
2-x2>0 X<2 X<2
M ei 2-x=0 <4 2-x=0 < X =2
{x2—4x+3:0 {x2—4x+3:0 {x:lvx::’)
Viy tdp nghiém cua phuong trinh S ={1;2}

BAI TAP
Bai 1. Tim dicu kién xac dinh ciia moi phuong trinh sau roi suy ra tap nghiém ctia no:

a) Vx =v—x b) 3x—X—2=+2-x+6
c) “)(3__; = X+/X-3 d) x+/X-1=v-x

Bai 2. Giai cac phuong trinh:
a) X+VX—-1=2++/x-1
0 X 3

2Ux—=5 +/x-5

Bai 3. Giai cac phuong trinh:
1 2x-1

b) x++vx-1=05++/x-1

2

X
9 24X =5 - JX-5

2X—-3

a) X+——=
x-1 x-1

C) (x2—3x+2)\/x—3 =0

b) X+~ =
X—2 X-=2

d) (xz—x—Z)M=0

Bai 4. Giai cac phuong trinh sau bang cach binh phuong hai vé ctia phuong trinh:

a) Vx—3=+/9-2x
c) 2|x-1=x+2

T6 Toan hoc - Khoa khoa hoc co' ban
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§2. PHUONG TRINH QUY VE
PHUONG TRINH BAC NHAT, BAC HAI

l. KIEN THUC CO BAN
1. Phwong trinh bac nhat: ax+b=0 (*)

e a=0 3 b=0:(*) vo nghiém

e a=0:(*) c6 mot nghiém duy nhit x = b
a

e a=0y3 b=0:(*) c6 nghiém diing v6i moi xR

Vidu 1. Giai va bién luan phuong trinh sau: m’x+2=x+2m (*)

Giai
pt< m*x —x =2m-2
c>(m2 —1)x =2(m-1)

e Khimz+tlem? —1+0=pt (*) co nghiém duy nhat x =

2(m—1)_ 2
m’ -1 m+1

e Khi m=1, (*): 0x=0= phuong trinh c6 nghiém Vx € R
e Khi m=-1, (*): 0x =—4 = phuong trinh v6 nghiém

Vay:

e m==xl:pt(*)codnghiém x = Ll (tap nghiém S= {L})
m+

m+1

e m=-1:(*) vonghiém (tdp nghiém S=)
e m=1:(*) nghiém ding v4i moi X R (tap nghiém S=R)

2. Phuong trinh béc hai: ax® +bx+c=0

e a=0: trd vé giai va bién luan phuong trinh
bx+c=0

e a=0:tinh A=b’-4ac
e A>0: phuong trinh c6 hai nghiém phan

biét:
~b+/A ~b-vA
= \VJ X2 =
2a 2a
e A=0: phuong trinh c6 mdt nghiém kép
x=—
2a

e A<0: phuong trinh v6 nghiém

e a=0: Trd vé giai va bién luan phuong trinh
bx+c=0

e a=0:tinh A'=b"-ac
e A'>0: phuong trinh c¢6 hai nghiém phan

biét:
—b'+JA —b' —/A'
X, =——— VX, =———
a a
e A'=0: phuong trinh c6 mgt nghiém kép:
x=—
2a

e A'<0: phuong trinh vo nghi¢ém

= Chuy: Néu x,,x,1a hai nghiém ctia phuong trinh ax? +bx+c=0 thi

ax? +bx+c=a(x—x,)(X—Xx,)

Vi du 2. Giai va bién luan phuong trinh sau theom: x* —4x-m+5=0 (*)

A'=2"—(-m+5)=m-1
e M<lsA'<0=pt (*) vO0 nghiém

!

e M=1=A"=0=pt (*) conghiémkép x, =x,=-—=2
a

e M>1<A'>0=, pt (*) c6 hai nghiém phén biét : x,, =2+Vm+1
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3. Ung dung cia dinh li Vi-ét:
Hai s0 x, va x, 1a cac nghiém ctia phuwong trinh bac hai

ax® +bx+c =0 khi va chi khi ching thoa man cac hé thic :
X, +X, __b Va XX, =
a a
Nguoc lai: Néu hai sé u+v=S va uv=P thi u,v 1a hai nghiém cua
phuong trinh :  x*—-Sx+P=0

Pinh li: Cho phuong trinh béc hai ax® +bx+c=0 c6 hai nghiémx, va x, (x, <Xx,).
Pt s=-2 va p=C. Khi o,
a a

e Néu P <0 thi x, <0< x,(hai nghiém trai dau )

e Néu P>0va S>0 thi 0<x, <x,(hai nghiém duong )
e Néu P>0va S<0 thi x, <x, <0 (hai nghiém am )

Vi du 3: Phuong trinh: (1-+/2)x? —2(1+/2)x+/2=0

Tacod a=1-+/2 <0 vd c=+/2 >0 nén P < 0.Vay phuong trinh ¢6 hai nghiém trai d4u.
4. Phwong trinh quy vé bic nhat, bic hai )

a/ Phwong trinh chira an trong dau tri tuyét doi

B>0
@Dang 1: |A|=B<{[A=B
A=-B
Vidu: Giai phuong trinh |x—3|=2x+1
>1
2x-1>0 X=3
& {X—3=2X—1 S x=— :x:%
x-3=—(2x-1) (4
3
A=B
*Dang2: ||A|=B|< {
A=-B
b/ Phwong trinh chira 4n dwéi ddu ciin
= PDang 1:
B>0
A=JB<e
JA-B {A:B
B>0
@’DangZ:\/K:BQ ,
A=B
Vidu: Gidi phuong trinh
1) J2x-5=+/x-1
2) 2x-3=x-2
Giai
x-1>0 xz=1
1) V2x-5=Jx-1 < SN
2Xx-5=x-1 x=2(n)
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Vay nghiém phuong trinh : x =2

2) J2x-3=x-2

x—2>0 X>2
o ;&9
2x-3=(x-2) X°—6x+7=0

X2
e x=3-42()
X =3++/2 (n)
Vay nghiém cua phuong trinh x =3+ J2
BAI TAP
Bai 1. Giai cac phuong trinh sau:
o X221 bl X2 -2 =1—x
Ix-1
c/\/5%x+6 =x—6 d/ V2x-1=+x+3
Bai 2. Giai cac phuong trinh sau
al[3x—2|=2x+3 b/|2x -1] =|5x - 2|
c/|x—-4/=2x-5 d/ [3x—2|=|x+1
Bai 3. Giai va bién luan cac phuong trinh:
a/(m*+2)x—2m=x-3 b/ m(x-m)x=x+m-2
¢/ m(x=2)+6=m(x-m+3)=0 d/m?*(x-1)+ m= x(3m- 2)
Bai 4. Giai va bién luan cac phuong trinh:
al 2x* -3x+m—-7=0 b/ (m-2)x*—2mx+m+9=0

Bai 5. Cho phuong trinh: 2x* —3x —8=0. Khdng giai phuong trinh hay tinh:
a/ Tong cac binh phuong hai nghiém ciia no;
b/ Tong cac 1ap phuong hai nghiém cua no;
¢/ Tong céac luy thira bac bon hai nghiém cta né.
Bai 6. Cho phuong trinh: x* —4x+m-1=0
a/ Tim m dé phuong trinh ¢ hai nghiém;
b/ Tim m dé phwong trinh c6 hai nghiém x,;x, thoa hé thirc x;° +x,°® = 40.
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§3. PHUONG TRINH VA HE PHUONG TRINH

BAC NHAT NHIEU AN
|. KIEN THUC CO BAN
n X . 2 .. |abceR
1. Phuong trinh bac nhit hai 4n: aX+by=cC, voi , Ly
a+b" =0

Cip sb (XO; yo) la nghiém cua phuong trinh khi ax, + by, = c. Nguoi ta chiing minh
phuong trinh béac nhat hai an luén ludn cé vo s6 nghiém . ]

Bi€u dién hinh hoc tdp nghiém la mot duong thang nam trong méat phang toa d§ Oxy.
2. H¢ phwong trinh bac nhat hai an
ax+hbhy=c

b ., VO1 X, y 12 4n s0; cac chir s con
a'x+b'y=c

Hé phuong trinh bac nhat hai 4n c6 dang: {
lai 12 hé s6.
& Giai hé phuwong trinh bdc nhat hai an: ’ ,
Ngoai cac phuong phap cong, phuong phap thé ta da biet ¢ 16p 9, con c6 phuong phap giai
bang dinh thuc sau:

ax+by=c (a®*+b*>=0)
a'x+b'y=c' (@”+b'*#0)
Lap cac dinh thuc:

b
p=|* =ab'-a'b; DX:‘CC,

a ¢
. =cb'-c'b; D,=|, |=ac'-a’'c
a' b a' ¢

|

1) D=0 Hé c6 mot nghiém duy nhét (x,y), trong d6

Xx=—2 va y=—
D Y D

2) D=0:
e D, #0 hodc D, #0: H¢ v nghi¢m

e D =D, ,=0:H¢coVO s6 nghiém, tap nghiém cua h¢ 1a tap

nghiém cua phuong trinh ax+by =c

5Xx-2y=-9
Vi du 1: Giai hé phuong trinh: Y
’ 4x+3y =2
Giai
, 5 -2 -9 -2 5 -9
Taco: D= =23; D, = =-23; D, = =46
3 3 2 3 Y ol4 2
X = % =-1
Hé phuong trinh ¢6 nghiém duy nhat
D

Vay nghiém cua hé phuong trinh la (-1, 2).
3. Hé phwong trinh bac nhit ba 4n
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aX+by+cz=d,
a,Xx+b,y+c,z=d,
a;X+hby+c,z=d,

Dang:

& Pé giai hé phuong trinh trén ta c6 thé dung phuong phép thé hodc phuong phap cong da
hoc ¢ 16p 9.

. BAI TOAN AP DUNG

Bai 1. Giai va bién luan hé phuong trinh sau:

mx+y=m+1
X+my=2
Giai

Ta co6 cac dinh thuc:

m 1
D= =m’-1=(m-1 1
T i
sz‘mzﬂ rt‘:m2+m—2=(m—1)(m+2)
m m+]
o,
1 2
e Dx0em=tl
X_&_(m—l)(m+2)_m+2
D (m-1)(m+1) m+l

D, _ m-1 1

=m-1

y

"D (m-1)(m+l) m+l

Hé phuong trinh c¢6 nghiém duy nhét (m +2 1 )

m+1' m+1
e D=0cm=+1
» Khi m=-1=D=0,D, #0: h¢ phuong trinh vd nghi¢m
» Khi m=1=D=D, =D, : h¢ phuong trinh tr¢ thanh
{x+y:2 { xeR
SX+y=2<
X+y=2 y=2-X
Vay: m=#=1 : hé co nghiém duy nhét (m+2,ij
m+1 m+1

m=-1: H¢ v0 nghiém

. . xelR
m=1: Hé c6 vo s0 nghiém (x,y) sao cho {y P
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‘ BAI TAP
Bai 1. Bang dinh thirc, giai cac hé phuong trinh sau:
2) {5x—7y:5 b){\@x+2y:9
2x+9y =1 J2x -5y =12
Bai 2. Giai cac hé phuong trinh sau:
4 1
<" vl =3 a% + % =47
2) 2 2 b) 3 8
———=4 —+— =84
x y-1 a~ b
Bai 3. Giai va bién luan hé phuong trinh sau:
X-my=0 2ax+3y =5
2) {mx—y:m+1 {(a+1)x+y:0
Bai 4. Giai hé va kiém tra nghiém bang may tinh bo tai:
2X—-y+2=5
X+y+z=5
3X+2y+z=24

Bai 5. Cho hé phuong trinh: { X+ my=3m
mx+y=2m+1
a) Giaiva bjén luén; ’
b) Tim m d¢€ hé c6 nghiém duy nhat (x,,Y,) sao cho X,,y, € Z;
c) Lap h¢ thuc lién h¢ gitra x,,y,doc lap vdi m.
Bai 6. Tim m dé cac hé sau c6 nghiém duy nhat:
a){ x+my=1 { MX+y=4-m
mx —3my =2m+3 2x+(m-1)y=m

ON TAP CHUONG III

Bai 1. Giai cac phuong trinh:

a) V3x*-2x-1=3x+1 b) 2x —+/x-5=8-+/x~-5

c) |2x-1]=|4x-7| d) x*+4x-3|x+2/+4=0

Bai 2. Giai va bién luan phuong trinh: m(mx-1)=x+1

Bai 3. Cho phuong trinh: (m-1)x*+2x-1=0

a) Tim cac gia tri cia m sao cho phuong trinh d6 c6 hai nghiém trai dau ; )

b) Tim cac gia tri cia m sao cho tong binh phuong cta hai nghiém ctia phuwong trinh d6 bang
1.

Bai 4. Cho phuong trinh: x* +x-4=0

Tinh: A= xZ +x2 B=x}+x}
— 2 2 —
C = XX, + X% D = (2%, —X,)(2x, —X,)
X, X 1 1
E=—L,22 F= S+
X2 Xl Xl X2

Bai 5._ Giai cac hé phuong trinh:
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2 2 _ 2
2) {X +y +xy="7 b) 2(x+y) -xy=1
Xy+X+y=5 X’y +xy’ =0
Bai 6. Tim diéu kién dé cac hé phuong trinh sau c6 nghiém duy nhét:
mx+3=m-1 5x+(a—-2)y=a
a b)
2x+(m-1)y=3 (a+3)y+(a+3)y=2a

Bai 7. Cho phuong trinh: mx* +2(m+3)x+m=0
Dinh m dé phuong trinh:
a/ C6 nghiém;
b/ C6 2 nghiém phan biét cung diu;
¢/ Co6 2 nghiém am phan biét.
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CHUONG L. VECTO _
§1. CAC PINH NGHiA

I. KIEN THU'C CO BAN ’
1. Vecto: Vecto 1a mot doan thang c6 hudng.

Ki hiéu: a,b,X,y,...;AB,MN,...
vecto AB thi A goi 1a diém dau, B goi 1a diém cudi.

B
/A—B/v /
A 3 . N
N\
vecto AB vecto a cac vecto

2. PO dai ciia mot vecto: Do dai ciia vecto AB 1a d6 dai ctia doan thang AB.
Ki hiéu: ‘,@‘ (doc 1a do dai ciia vecto AB)

Viy: [AB|=AB=BA
3. Gia ciia mt vecto: Gia ctia mot vecto 1a dudng thing chira vecto do.
Viy: Gia ciia vecto AB 1a duong thang AB.

A B
TOM LAI: Vecto AB cO:
- Gia 1a dudng thang AB (phuong)
- Piém dau A, diém cubi B (chiéu tir A dén B)
- Do dai \ATa\ = AB (do dai)
4. Vecto — khodng: Vecto — khdng 13 vecto ¢ diém dau va diém cubi trung nhau.
Ki hi¢u: AA,MM,... ky hiéu chung 13 0.
5. Hai vecto cung phwong: la hai vecto ¢6 gia song song hoac trung nhau.
Nhu vay:
- Néu hai vecto ciing cing phuong véi mot vecto tht 3 (khac vecto — khdng) thi
chdng cung phuong véi nhau.
- Vecto — khong duge xem la cung phuong véi moi vecto.
Vi du 1. Cac cap vecto cung phuong

/ 4//' :

(a) (b) (c) (d)
Céc cap vecto cung phuong.
Vi du 2. Cac cap vecto khong cung phuong

/ %’
(e) (f)

6. Hai vecto cung huéng, nguwoc hudng
Xét cac cap vecto cung phuong:

v

A

v

v
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T

(a) (b) (c) (d) ‘
- Trudong hop (a) va (c) ta noi hai vecto do6 ciung hwong (cung phuong, cung chiéu)
- Trudng hop (b) va (d) ta néi hai vecto d6 ngwoc huwéng (cing phuong, ngugc chiéu)
Nhuw viy:
- Néu hai vecto cung phuong thi hodc ching clng huéng, hoic chung nguoc
huodng.
- Vecto — khdng dugc xem la cung hudng vai moi vecto.

v
A

v

7. Hai vecto bing nhau: Hai vecto dugc goi 12 bang nhau néu ching cing huéng va
cung do dai.
Ki hi¢u: a=b; AB=CD.
Nhuw viy:
- {5, b ciing huéng
a=bs gL -
|-

Vi du 3: Cac cip vecto bang nhau

//:\

(A) (B) (

Céc cip vecto bang nhau

o

Vi du 4 : Cac cip vecto khong bang nhau

/' ‘//'= e

(a) (c) (d)

(b)
(€) } ()

- Cac vecto — khong déu bang nhau.

v

b=c

. b - - P
- Néu }:azc (T/C bac cau)

- Néu cho trudce vecto a va mot diém O thi ton tai duy nhét diém A sao cho OA=a.
A
/ /
O
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IL. BAI TAP AP DUNG
Bai 1. Cho tam giac ABC déu, canh dai 3 cm.

a. Liét ké cac vecto khac vecto — khong c6 diém dau va diém cubi 13 dinh cta tam gidc
ABC.
Hay chi ra céc vecto cing phuong véi nhau (néu c6).
Hay chi ra céc vecto ciing huéng v6i nhau (néu co).
Tinh d0 dai cac vecto .
Céc vecto di néu c6 bang nhau khong? Tai sao?

Giai

a. Li¢t ke cac vecto : A

AB,BA,AC,CA,BC,CB
b. Cac cap vecto cung phuong:
AB va BA
AC va CA B ¢
BC va CB
c. Khodng c6 vecto nao cung huéng voi nhau.
Vi tam gidc ABC déu canh dai 3 cm nén cac vecto nay déu c6 do dai bang 3 cm
e. Cac vecto ké trén khong c6 vecto nao bang nhau vi chdng khdng cung hudng (mac du
c6 cung do dai)

®o0oC

o

Vi du 2: Cho hinh binh hanh ABCD, ¢6 O la giao‘diém hai duong chéo.
a. Hay chi ra cac vecto khac vecto — khong bang nhau.
b. Xac dinh diém E sao cho BE = AC. Hoi tt giac ABEC la hinh gi? Tai sao?
. Giai
a. C_dc vecto b@g n@u: b c £
AB=DC, BA=CD
AD=BC, DA=CB
AO=0C, OA=CO
BO=0D, OB=DO
b. Xdc dinh diém E :
Vi BE=AC nén diém E thudc dudng thing qua B song song AC va thoa vecto BE
cung chiéu vdi vecto AC, BE = AC.
biém E xac dinh dugc 1a duy nhat
1 T gidc ABEC la hinh binh hanh.

A B

That vay:
Tacé BE=AC
BE cing huéng AC  (BE//AC , L
e - :>{ = tu giac ABEC la hinh binh hanh.
‘BE‘ =\Ac\ BE = AC
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BAI TAP

Bai 1. Cho hinh vudng ABCD. Liét ké tat ca cac vecto bang nhau. 7
Bai 2. Cho tam giac ABC. Cac diém M, N, I lan lugt 12 trung diém cac canh AB, AC, BC.
Tim céc cédp vecto bang nhau.
Bai 3. Cho tam gidc ABC. Hay dung cac diém D va E sao cho: AD = BC, AE =CB.
Nhan xét gi vé hai vecto AD va AE
Bai 4. Cho tam giac ABC can & A, duong cao AH. Cac ménh dé sau day dung hay sai? (giai
thich)

a) AB = AC b) AB=CA c)\A—B\z\A—C\ d) BH=HC
Bai 5. Cho ba vecto a, b, ¢ cung phuong. Ching té rang cé it nhat hai vecto trong chiing c6
cung hudng.
Bai 6. Chung minh rang: Néu A, B, C 1a ba diém phéan biét va AB cing phuong AC thi ba
diém A, B, C thang hang.
Bai 7. Cho twr gidc ABCD. Chirng minh: Tt gidc ABCD la hinh binh hanh < AB=DC.
Bai 8. Hay néu dau hiéu nhan biét mot tir giac la hinh thoi bang kién thirc vé vecto.
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§2. TONG VA HIEU CUA HAI VECTO

I. KIEN THUC CO BAN
1. Pinh nghia: Cho hai vecto a va b. Tir mét diém A nao d6 ta vé AB=a, roi tir diém B ta
vé tiép BC=b. Khi d6 AC duoc goi 1a tong ciia hai vecto a va b.

Ki hiéu: a + b

Nhuviy: a + b=AC

2. Céc tinh chat
a. Tinh chat giao hodn: a+b=b+a
b. Tinh chat két hop: (a+b)+c=a+(b+c)
c. Tinh c'hcft céng voi vecto —khong: a+0=a
3. Cac qui tac cfng
a. Qui tdc ba diém:
Véi ba diém A, B, C bat ky ta luon co: AB + BC=AC
b. Qui tdc hinh binh hanh:
Néu ABCD 12 hinh binh hanh thi AB + AD=AC

RMC

A - D
C. Qui tdc trung diém:
Néu I 1a trung diém doan thing AB thi 1A+1B=0 A «—e—» B

d. Qui tdc trong tam: |
Néu G 1a trong tdm tam giac ABC thi GA+GB+GC=0

B C
4. Vecto doi cia mft vecto
Néu a+b=0 thi hai vecto a va bgoi 13 hai vecto doi nhau.

Vecto dbi cta vecto a duoc ki hiéu 13 —a.
Vidu 1. Céac cdp vecto doi nhau

& »
<« »
» <
» <«

(@) (b) (©)

Cac cap vecto doi nhau

Nhu vay:
1 b=-a
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] a+(-a)=(-a)+a=0

a,b nguoc huéng

4=

] Vecto — khong c6 vecto doi 1a chinh no.

1 Vecto AB c6 vecto ddi la BA, tic 1a AB=-BA

] avab ddinhau @{

5. Hiéu cua hai vecto
Hiéu cta hai vecto a va bla tong ctia vecto a va vecto dbi cua b.

Ki hiéu: a—b
Nhu vay: a—b=a+(-b)

6. Bai toan dung vecto hi¢u
Cho a va b. Hay dung vecto hiéu a—b.

Giai
Céch dung:

B
- Lay mot diém O tuy y
“TrOvé OA=3 / a-b
- Ciing ttr O v& OB=b OL— YA

Khi d6: BA=a—-b a
Churng minh:

That vay: BA=BO+O0A (quy tic ba diém)
=OA+BO (giao hoan)
=O0A+(-OB) (vecto dbi)
—a—b

8. Qui tic trir
Cho vecto AB va mot diém O tuy ¥, ta co:
[] AB=OB-0OA (Chén diém O bén trai)
[] AB=AO-BO (Chén diém O bén phai)
Vi du 2. Cho hinh thoi ABCD c¢6 BD = 60° va mot diém M tuy .
a. Tinh: MB-MA+BC.
b. Tinh \B—A_@\, \ﬁ’—ﬁ:\.

»
|

Giai :
a. Tacdé: MB-MA+BC=AB+BC=AC
ﬁ/_/ B
AB
b. Tinh cac do dai: l
0 ‘ﬁ—@‘:‘ﬁ‘zDA:a A< C
O ‘ﬁ—B—C‘ =\ﬁ\ —CA
- Tinh AC: q D
Goi O 1a giao diém hai duong chéo cia hinh thoi ABCD

= AC =2A0 ‘
Deé thay AO la duong cao cua tam giac déu ABD
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a3

=A0=——
2

— AC=a+3
Vay: \B—A—ﬁ:\ = CA=a/3.

I1. BAI TAP AP DUNG
@ DANG 1:

Tinh tong ciia hai hay nhiéu vecto

«PHUONG PHAP

Str dung cac tinh chat va cac qui tac cong dé thuc hién tinh tong céc vecto theo yéu cau.

Vi du 1: Cho tir gid&c ABCD, tinh:
a) u=AB+BC+CD
b) v=AB+CD+BC+DA’
Giai A B

a) Ap dung qui tac ba diém:
u=(AB+BC)+CD
—
AC
=AC+CD
—_—
AD
=AD
b) Ta c6: AB+CD+BC+DA=AB+BC+CD+DA (giao hoén)
= (AB+BC) +(CD+DA) (két hop)
=AC+CA (quy tic ba diém)
=AA=0 (quy tic ba diém).
= DANG 2:

Tinh d¢ dai cia vecto tong: Tinh |§ +b+ 6|

&PHUONG PHAP
- Sir dung cAc qui tic va Céc tinh chat ctia phép cong dé tinh tong a+b+c=d.
- Tinh @0 dai vecto abéng céc kién thirc hinh hoc phang da dugc hoc.

Vi du 1: Cho tam gidc ABC vudng tai A, biét AB =3, AC =4.
a. Tinh d6 dai canh BC
b. Tinh ‘@+BT§‘ ‘fB+6A‘ ‘,@JFA—C‘

B
Giai
a. Tinh d6 dai canh BC:
Tam giac ABC vubng tai A = BC* = AB® + AC®
— 32 + 42 — 52
= BC=5
A N C

b. Tinh do dai cac vecto tong :
[ Tac6: AB+BC=AC
:‘A@+ﬁ:‘=‘ﬁ:‘=Ac:4
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] Tac6: AB+CA=CA+AB=CB

:\,@+GA\=\C—B\=CB=5

) Ap dung qui tac hinh binh hanh, ta co:

AB+AC =AD (D: 1a dinh hinh binh hanh ABDC)

:>\N3+Rj\ =\A—D\=AD

Mt khac, hinh hinh hanh ABDC ¢6 BC = 90° = ABDC Ia hinh chir nhat

— AD=BC=5
Vay: \EHR:\ZAD:s
= DANG 3:

Chirng minh ding thirc vecto (A, B 13 cac biéu thirc vecto)
Vidu 1: Cho bon diém, A, B, C, D. Chung minh rr?mg: AB+CD=AD+CB
Giai

Ta co:
VT =AB+CD =AD+DB+CD
- AD +CD + DB = AD+CB
CB
= VP (dpcm). .
, BAI TAP w
Bai 1. Cho 5 diém A, B, C, D, E tuy y. Tinh cac vecto tong sau:
a. u=AB+BC+CD+DE b. v=AB+DE+BD+EA
Bai 2. Cho tam giac ABC déu canh bang a. Tinh d¢ dai cta vecto tong Aﬁ?ﬁ?&
Bai 3. Cho hinh thang ABCD c0 canh day AB =2a, CD = a. I 1a trung diém cta AD.
Tinh ‘WB+E‘.
Bai 4. Ching minh rang néu AB=CD thi AC=BD.
Bai 5. Tu giac ABCD 14 hinh gi néu AB=DC va Wﬁ\ = \B?\?
Bai 6. Cho bon diém bat ky M, N, P, Q. Chirng minh céc déng thire sau:
a. PQ+NP+MN=MQ b. NP+MN =QP + MQ c. MN+PQ=MQ+PN
Bai 7. Cho 6 diém A, B, C, D, E, F. Ching minh: AD+ BE + CF = AE + BF +CD.
Bai 8. Ching minh rang véi hai vecto khong cing phuong a va b, ta co:
B|[B|</a-+B|<[el+[o
Bai 9. Cho tam giac ABC. Cac diém M, N, P lan luot 13 trung diém cac canh AB, AC, BC.
Chung minh rang véi diém O bét ky ta c6: OA+OB+OC =OM +ON + OP.
Bai 10. Cho bdn diém A, B, C, D. Chirng minh Q§ng thirc : AB—CD =AC+DB.
Bai 11. Cho hinh binh hanh ABCD, M la mot diém tuy .
Chung minh rang : MA+MC = MB+MD
Bai 12. Cho ngii gitc ABCDE. Chimg minh: AB+BC+CD=AE-DE. ‘
Bai 13. Cho hinh thang ABCD c0 canh day AB = a, CD = 2a. Goi M, N lan luot 1a trung
diém cua AD va BC. Tinh |[MA+MC-MN|.

Bai 14. Cho s4u diém A, B, C, D, E, F. Chtrng minh rang: AD+ BE +CF=AF+BD+CE
Bai 15. Cho tam giac ABC déu canh a, H 13 trung diém canh BC. Tinh ‘C—A—H—C‘ :
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§3. TICH CUA MQT VECTO VOI MOT SO

|. KIEN THUC CO BAN
1. Pinh nghia. Tich cua mdt s6 thuc k véi vecto a la mdt vecto, Ki hiéu 1a ka, dugc xac
dinh nhu sau:
a) Néuk > 0 thi vecto kacung huéng véi vecto a;
b) Néu k < 0 thi vecto ka nguoc huéng véi vecto a

‘ka‘ :|k|.‘a‘
Vi du 1: Cho | 12 trung diém doan thang AB. Khi do,
@ - ZKi | | |
AB = —2BI A T B
Ai=1aB
2

2. Céc tinh chat

Cho hai vecto a, b va céc s6 thuc k, 1 tlly ¥, ta co:
1) k(la) = (kl)a
2) (k+Nha=ka+la
3) k(a+b) =ka+kb ; k(a—b)=ka—kb;
4) ka=0<> k=0 hoac a=0

3. Céc qui tac i

a. Qui tac trung diém:

Diém I 1a trung diém doan thing AB < MA+MB=2MI (M la diém tuy )

b. Qui tic trong tam:
Diém G 14 trong tim cua tam gidc ABC < MA+MB+MC=3MG (M la diém tuy y)

4. Piéu kién cung phwong cia hai vecto

Vecto a cung phuong véi b=0 < 3keR: a=kb
5. Pi¢u kién dé ba diém thing hang

Ba diém A, B, C thang hang < 3k eR: AB=kAC
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6. Biéu thi mot vecto theo hai vecto khong ciing phwong
Pinh li: Cho hai vecto khéng cing phwong a va b. Khi dé moi vecto x déu cé thé biéu thi
mét cach duy nhdt qua hai vecto a va b, nghia la ¢é duy nhdt cdp s6 m va n sao cho

X=ma-+nb.
I1. BAI TAP AP DUNG ,
T DANG 1: Chirng minh mgt dau hiéu hinh hoc.
& PHUONG PHAP A .
Str dung cac di€u kién twong ing nhu:
1. TG gidc ABCD la hinh binh hanh < AB=DC E
< AB+AD=AC D D
AB=DC
2. Tt giac ABCD la hinh thoi {‘_‘ ‘AD‘
D B

3. Badiém A, B, C thang hang <> 3k e R: AB=KAC
CeAB (D ¢ AB)

4. Pudng thang AB song song véi dudng thing CD < .
s ane 550n8 5T {EkeR:AB:kCD

@ DANG 2: Xdc dinh diém M thod mét ding thirc vecto cho trudc.

#PHUONG PHAP
- Bién d6i dang thirc cho vé dang AM =v
(trong d6 A 1a diém c6 dinh, v 1 vecto khong doi)

- Lay A lam diém déu, dung AM=v.
- Piém cubi M la diém can xac dinh.
1 Truong hop dac biét:
AM=0< M=A

AM=AB < M=B

@ DANG 3: Phin tich (biéu thij) vecto' X theo hai vecto khéng cing phwong a, b.

«PHUONG PHAP: o 7
Str dung linh hoat cac qui tac bién doi vecto (qt 3 diém, qt hinh binh hanh, ...)

dé viét vecto X dudi dang x =ma-+nb. ‘ , 7
Vi du 1: Cho tam giac ABC, trén ba canh AB, BC, CA lan luot lay 3 diém M, N, P sao cho

M 14 trung diém AB, ﬁ\i:%ﬁ va ﬁz%ﬁf.
a. Chung minh rang: AN = %FB+%,TC;

b. Biéu thi vecto MP theo AB va AC;
. Trén doan AN l4y diém I sao cho 16Al =9AN. Chimg minh 3 diém M, P, I thang hang.
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Giai
a. Chung minh:AW:%ATB+%A—C A
Ta cé: WzéB—C (gié thidt)
— AN-AB - =(AC-AEB)
3 B C

:m=§A—B+%E (dpcm)

b. Biéu thi vecto MP theo AB va AC:

Taco: M la trung diém AB (gt) = AM :%E

Khi do:
3 1 1 3
MP:AP—AMZZAC—EAB hay MP:_EAB+ZAC

¢. Chimg minh 3 diém M, P, I thang hang.

Ta co:

N:imzi(éﬁgﬁm
16 163 '3

Viy ba diém M, P, I thiang hang.

BAI TAP

Bai 1. Goi I 1a trung diém ctia doan AB va O la diém ty y. Chimg minh: OA+OB = 20I
Bai 2. Cho tir giac ABCD. Goi I, J lan luot 1a trung di€ém hai duong chéo AC va BD. Ching
minh: AB+CD=2..
Bai 3. Chirng minh G 1a trong tam cua tam giac ABC khi va chi khi GA+GB+GC=0.
Bai 4. Cho G la trong tam cua tam giac ABC, O la diém tuy y.

Chung minh: OTA-\FOT?H: OC =30G. .
Bai 5. Chtitng minh rang n¢u G va G’ lan luot 1a trong tdm cuia hai tam giac ABC va A’B’C’
thi 3GG'=AA'+BB'+CC". Tir két qua trén hdy suy ra diéu kién can va di dé hai tam giac
ABCva A’B’C’ ¢6 cung trong tam. 7
Bai 6. Cho tir giac ABCD. Goi M, N lan luot la trung diém cua AD va BC. Ching minh:

a. MN = (AB-+DC) b. MN = (AC-+DE)
2 2

Bai 7. Cho hinh binh hanh ABCD. Chimg minh: AB+2AC+AD =3AC.
Bai 8. Cho tam giac ABC. Goi M la mét diém trén doan BC sao cho: MB = 2MC.
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Chung minh rang: AM :%,@#%E
Bai 9. Cho tam giac ABC, hdy dung cac diém M, N, P, Q thoa:
a. MA+2MB =0 b. PA-PB+PC=0
c. NA+2NB-NC=BA d QA+QB+2QC=0
Bai 10. Cho tam giac ABC va 2 diém I, J xac dinh boi: IA+3IC=0 va JA+ 2JB+3JC=0.
Chutng minh rang ba diém L, J, B thing hang.
Bai 11. Cho tam giac ABC. Piém I trén canh AC sao cho ClI :%CA , J 1a diém ma

Bi=ZAC-2AB.
273
a. Chimg minh: Q:%E—ﬁ

b. Chung minh B, I, J thang hang.
c. Hay dyung diém J thoa diéu kién dau bai.
Bai 12. Cho lyc giac déu tdim O c6 canh a.
a. Phan tich vecto AD theo hai vecto AB va AF.

b. Tinh d6 dai cua vecto %,@ +%ﬁ:theo a.
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§4. HE TRUC TQOA PO

I. KIEN THUC CO BAN
1. Truc toa d§: (O, i) hay truc Ox ) T 3 i} >
e alatoaddcua u tréntruc (O, i) < u=ai
e Toa dd cua vecto AB trén truc (O, i) dugc ky hiéu 12 AB (doc 1a do dai dai s cua
vecto AB trén truc Ox). Khi d6: AB=x, —X,

e Xy latoa d6 cia diém M trén truc Ox < OM = X i

2. Hé truc toa d§: (O,i, j) hay hé truc Oxy A
a. Toa d¢ caa vecto
e Toadd vecto u dugc ki higu: u=(x,y) = u=xi+y,]
e Cho hai vecto a=(x;y) va b=(x"y) e X
1) a+b=(xX+x5y+y"); a-b=(x-x.y—y) g >
2) ka = (kx;ky)
3) Piéu kién bang nhau: a=b < {X - XI
y=y

A 1A - - X =kx'

4) bicu kién cung phuong: a cung phuong b (a,b#0) < FkeR: {y ky'

& Xy'-yx'=0

@ilzl' (x,y'#0)
X'y
b. Toa d diém

e Toa dd diém M dugc ki hidu: M(Xy ; Ym) < OM =X, +Y,,.J

e Cho ba diém A(xa ; Ya), B(Xs : V&), C(Xc ; Yo).

1). AB=(Xs—Xx Y5 — Ya)

_ Xa+Xg
=278
2) I1a trung diém AB < 2
y _YatVe
! 2
X+ Xg +Xc
=27
3) G la trong tdm cuia tam giac ABC < 3
_YatV¥YstYe
yG_f

4) Toa d6 cac diém d6i xtmg :

e A, ddixung v6i A qua Ox = Ai(Xa ; — Ya)
e A, ddixtng véi A qua Oy = Ay(— Xa ; Ya)
o A;ddixung v6i A qua O = Ag(— Xa; — Ya

1. BAI TAP AP DUNG
@ DANG 1:

Xdc dinh toa d diém, toa dj vecto théa diéu kién cho truée.
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#PHUONG PHAP :

Tuy trudng hop cu thé ma ta sir dung cac diéu kién vecto twong Gmg.
Nhic lai mot s6 truong hop thudng gip :

e Badiém A, B, C thing hang < 3keR: AB=KAC

e T gi4c ABCD la hinh binh hanh < AB=DC

Vidu 1: Cho ba diém A(-1; 2), B(1 ; 4), C(3; 1)

a. Xac dinh toa do trung diém canh BC.
. Xac dinh toa d¢ trong tam cua tam gidc ABC.
Tim toa d6 diém D dé tir gidc ABCD 1a hinh binh hanh.
Goi M 1a giao diém ctia AB véi Oy. Xac dinh toa d6 diém M.
E 1a diém thoa: AE+2BE—5CE =0. Tim toa do diém E.

Giai

a. Xac dinh toa do trung diém canh BC

X _XgtXc 143 _5

® oo o

I 1a trung diém doan BC < 2 2 = I(Z : Ej
_YetYc _4+1_5 2
Y 2 2 2

b. Xac dinh toa d0 trong tam cuia tam giac ABC

xG:XA+XB+XC XG:—1+1+321 ,
G 1 trong tm cua tam gic ABC < 3 = 3 <G (1 ; —)

Ya+Ys+Ye 2+4+1 7 3
yG :T yG = 3 :E

c. Tim toa do diém D dé tir gidac ABCD 14 hinh binh hanh.
Gia su D(x; y). Ta co6:
AD=(x+1;y-2); BC=(3-1:1-4)=(2;-3)
Tt gidc ABCD 13 hinh binh hanh @/ﬁzﬁ:’@{”l: 2 @{X =1
y-2=-3 y=-1
Vay D(1 ; -1).
d. Goi M la giao diém ctia AB véi Oy Xéc dinh toa do diém M.
ViM € Oy, M € AB nén M(0 ; y) va AM ciing phuwong véi AB
Tacd: AM=(1;y-2)
AB=(1+1;4-2)=(2;2)
Khidé: 1.2-2.(y—2)=0
o y= 3
e M(0;3).
e. Eladiém thoa: AE+2BE-5CE =0. Tim toa d¢ diém E.
Gia su E(x ; y). Ta cé:
AE=(x+1;y-2); BE=(x-1;y-4); CE=(x-3;y-1)
Khi dé:
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AE + 2BE -5CE =0
X=7

<:>{x+l+2(x—l)—5(x—3):0 - s <:>E(7 ; —_5)

y-2+2(y-4)-5(y-D=0 |y=—>
Vi du 2: Cho ba vecto a=(2;5), b=(4:1), c=(0;5)
a. Xac dinh toa do cia v=3a—b+c
b. Xac dinh hai sé m, n sao cho a=mb+nc

Giai

a. Xac dinh toa do cua v=3a—b+c
Goi (x; y) 1a toa do cua vecto v

v=3a-b+c

{x:3.2—4+0 {x:z -~

= = < v=(2;19)

y=35-1+5 y=19
b. Xac dinh hai s6 m, n sao cho a=mb+nc
Ta co:

a=mb+nc

{2=m.1+n.0 m=2
o 3

=
5=m.4+n5 n:—g

T DANG 2:

Chirng minh mét ddu hiéu hinh hoc.

«PHUONG PHAP :
Chi viéc chtirng minh di€u kién vecto tuong ting. Luu y sir dung cac cong thirc toa do.

Vi du 1: Cho ba diém A(1 ; 2), B(0 ; 3), C(5 ; -2). Chtrng minh ba diém A, B, C thing hang.

Giai
Taco: AB=(-1;1), AC=(4;-4)
— AC=-4AB
= Ba diém A, B, C thang hang. (dpcm)
BAI TAP

Bai 1. Viét toa d6 céc vecto sau:
a=2i+5j; b=-5i+=j; c=i—j; d=2j

Bai 2. Cho a=(1; 2), b=(0; 3). Tim toa do clia cic vecto:

a x=a+b b y=a-b c 2%+
Bai 3. Tim toa d diém B trong cac trudng hop sau:
a. OB =-5i+3] b. OB=j-i
c. AB=(2;-2) vaA(l;-3) d. AB=2i+3j ; OA=—4i

Bi 4. Cho hinh binh hanh ABCD. Biét A(1 ; -3), B(3; 1), C(5 ; -5).
a. Tinh toa @6 diém D.

b. Goi I1a tam hinh binh hanh ABCD. Tinh \a\ (v6i O 1a gbe toa do)
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Bai 5. Cho a=(2;1), b=(3;4), c=(7;2).
a. Tim toa d cla vecto u=2a—3b+c.
. Tim toa dd cua vecto X sao cho x+a=b—c.
. Timcéac sk, 1dé c=ka+lb.
Bai 6. Cho ba diém A(-1; 1), B(1; 3), C(-2 ; 0). Chitng minh ba diém A, B, C thang hang.
Bai 7. Cho tam giac ABC c6 A(-3; 6), B(9; -10), C(-5; 4).
Tim toa d¢ trung diém céc canh cia tam giac ABC.
Tim toa d§ trong tdm G cua tam gidc ABC.
Tim toa d6 diém D sao cho ttr giac BGCD Ia hinh binh hanh.
. A’ 1a diém dbi xtmg voi A qua B. Tim toa d diém A’
Bai 8. Cho bdn diém A(-2 ; -3), B(3; 7), C(0 ; 3), D(-4 ; -5).
Chung minh rang hai duong thing AB va CD song song voi nhau.
Bai 9. Cho tam giac ABC. Cac diém M(1 ; 1), N(2 ; 3), P(0 ; —4) 1an luot 13 trung diém cac
canh BC, CA, AB.
a. Tinh toa do céac dinh cua tam giac.
b. Ching minh hai tam gidc ABC va MNP c0 trong tdm trung nhau.
Bai 10. Cho tam gidc ABC c6 A(1 ; -1), B(5 ; —3) dinh C trén Oy va trong tdm G trén Ox.
Tim toa do cua C.
Bai 11. Cho ba diém A(—4 ; 1), B(2 ; 4), C(2 ; -2)
a. Chuing minh A, B, C 1a ba dinh cua mdt tam giéc.
b. Tim toa do trong tdim G cuia tam giac ABC.
c. Tim toa do diém D sao cho C 1 trong tdm tam giac ABD.
Bai 12. Cho ba vecto a=(2;-2), b=(1;4), c=(5;0). Hay tim hai s m, n sao cho
c=ma+nb.
Bai 13. Cho ba diém A(2 ; 5), B(1 ; 1), C(3 ; 3).
a. Tim toa dd diém D sao cho: AD=3AB-2AC
b. Tim toa d6 diém P sao cho: 3PA+PB—2PC=AC
c. Tim toa d6 diém E sao cho ABCE 1a hinh binh hanh. Tim toa d6 tdim hinh binh hanh
do.

o o

oo oTw
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_ ] ] ON TAP CHUONG I
l. KIEN THUC CO BAN

1. Cac phép’toén: cong, trir hai vecto; nhan mot s6 voi mot vecto.
2. Cac qui tac thye hanh

a. Qui tdc ba diem:
Véi ba diém A, B, C bat ky ta ludn c6: AC=AB + BC (chén giita)
Qui tdc trir: Cho vecto AB va mot diém O tuy ¥, ta co:
AB=0B-0A (chén trai)
AB = AO-BO (chén phai)
Qui tdc hinh binh hanh:
Tt giac ABCD Ia hinh binh hanh < AD=BC

< AB + AD=AC

o 0O v

d. Qui tic trung diém:
Piém I 1a trung diém doan thing AB < IA+1B=0
, <MA+MB=2MI (M: tuy y)
e. Qui tac trong tam:
Diém G 1a trong tdm tam gidc ABC < GA+GB+GC=0
< MA+MB+MC=3MG (M: tuy y)
3. Toa dd ciia vecto va diém: Trong mit phing toa dd Oxy, cho a=(X;y), b=(x"y’)
va cac diém A(xa ; Ya), B(Xs ; V&), C(Xc ; Yc). Cho trude s thuc k.
Khi do, ta c6 cac cong thirc sau:
a. atb=(xtx'; yty)

ka = (kx ; ky)

c. Diéu kién bang nhau: a=b < {

=

X=X

y=y'

d. Diéu kién cung phuong : a cung phuong b (a,b#0) < xy'—-yx'=0
€. AB=(Xs—Xx:¥5—Ya)

X+ Xg
=228
f. 11latrung diem AB < 2
y _YatVs
| 2
_ Xpt+Xg X
g=—ATteT%c
g. G latrong tdm cua tam giac ABC < 3
_Yat¥et¥c
Yo = 3

h. Toa dd cac diém ddi xtng :
o A; ddi ximg voi A qua Ox = Ay(Xa  — Ya)
o A, ddiximg voi A qua Oy = Ay(— Xa ; Ya)
o Az ddiximg véi A qua O = Ag(— Xa ; — Ya)
o A’ dbixing véi A qua B = A’(2xg — Xa | 2Ys — Ya)
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1. BAI TAP

Bai 1. Goi G la trong tdm cua tam giac ABC. Dit a=GA, b=GB. Hay biéu thi mdi vecto

AB, GC, BC, CA qua cac vecto a va b.

Bai 2. Goi M, N lan luot 13 trung diém cac doan thang AB va CD. Chting minh rang:

Bai 3. Goi O 1a tAm ctia hinh binh hnh ABCD. Chirng minh rang véi diém M bat ky, ta c6 :
WO=%(W+W3+M—C+W).

Bai 4. Cho doan thang AB va diém I sao cho 21A+3IB=0.
a. Tim s6 k sao cho Al=k.AB.
3

b. Ching minh rang vdi moi diém M, ta c6 : Mi = gm +§W3 :

Bai 5. Cho tam giac ABC.
a. Tim céc diém M va N sao cho MA-MB+MC=0 va 2NA+NB+NC =0.
b. Véi cac diém M, N & cau a, tim cac s0 p va g sao cho : MN =pAB+gAC .
Bai 6. Cho luc giac ABCDEF. Goi P,Q,R, S, T, U lan luot 1a trung diém céac canh AB, BC,
CD, DE, EF, FA. Chirng minh rang hai tam gidc PRT va QSU c6 trong tam trung nhau.
Bai 7. Cho AABC. Goi M 14 trung diém ctia AB va N 1a mot diém trén canh AC sao cho
NA =2NC. Goi K 1a trung diém ctia MN. Phan tich vecto AK theo hai vecto AB va AC.
Bai 8. Cho tam giac ABC, xac dinh cac dinh M, N, P thoa :
MB = 2MC, NA+3NC =0, PA+PB=0.
a. Tinh PM, PN theo AB va AC.
b. Chtng minh M, N, P thiang hang. w
Bai 9. Cho tam giac ABC, hdy dung cac diém P, I thoa:
a. ﬁ+2ﬁ3:073; b. IA+IB+IC=AB+AC
Bai 10. Trong mit phang toa do Oxy, cho ba dién} A(-1;3),B(4; 2),C(3;5).
a. Chung minh ba diém A, B, C khong thang hang.
b. Tim toa do diém D sao cho AD=-3BC.
c. Tim toa d6 di€ém E sao cho O la trong tdm ctia tam gidc ABE.
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CHUONG II. TICH VO HUONG CUA HAI VECTO
§1. GIA TRI LUQNG GIAC CUA MQT GOC BAT KY
TU 0° - 180°
I. KIEN THUC CO BAN
1. Pinh nghia

cho MOX = a. Gi st M(xo, o), khi do:
L, A e y

o sin cua goc a la y,. Ki hiéu: sina =Y, M) T

) cBsin cta goc a la X,. Ki hiéu: cosa = X,,. e

e tangcuagocala % (Xo # 0). Ki higu: tana = %

0 0

Véi mdi goc a (0° < a < 180°), ta xac dinh diém M trén ntra dudng tron don vi sao

A o L X fn X Xo O X
e cdtang ctia goc o 1a =2 (y, # 0). Ki hiéu: coto, = —= °
0o 0
Céc s sina, cosa, tana., coto dugc goi 1a cdc gid tri heong gidc ciia goc a.
Vidu 1. Tim céc gid tri lugng gidc cta goc 45°.
e Lay diém M trén nira dudng trin don vi sao cho: xOM = 45°,
Ya
e Khi d6 toa do cua diém M(ﬁ ﬁj
2" 2 V2
5

a7
]
e Viy:sin45°= g cos45° = % tan45° =1, cot45° = 1

0
2. Tinh chit
sina. = sin(180° — ) tano = —tan(180° - «)
cosa = —€0s(180° — o) cota = —cot (180° — o)

Vi du 2.Tinh gi4 tri lvgng giac cta goc 135°.

e sin135° = sin(180° — 135°) = sin45° = g; c0s135° = —c0s(180° — 135°

v

Sy

= —€0s45°
= —% 'tan135° = —tan(180° — 135°%) = —tan45° = —1;
e cot135° = —cot(180° — 135°%) = —cot45° = -1
3. Gia tri lwgng giac ciia mdt sé géc diic biét
o
GT Iwong odc 0° | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°
sina. 0 > o | 7 1 o 5 2
B2l e R R ]
cosa 1 2 > 5 0 5 5
NG ) N
tana 0|5 | 1| 3|l B A 3 0
\3 V3 _
cotat 1|5 |0 |5 1| B
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Vi du 3. Tim céc gia tri luong gidc ctia géc:  a) 60° b) 150°
Giai
a. sin60° = @: €0s60° = %; tan60° = /3; cot60° = ?
b. sin150° = %; cos150° = —ﬁ; tan150° = —ﬁ; cot150° = —/3

I1. BAI TAP AP DUNG

@ DANG 1: TINH GIA TRI LUQNG GIAC CUA MOT SO GOC PAC BIET

& Phwong phap
- Tim toa d6 diém M(x,, Yo) Sa0 cho XOM = q trén ntra duong tron don vi,
ta co:
i Yo Xo
sin=Y,; COSa=X, tanoa=~=%; cota=—*2
XO yO
- Sir dung tinh chat: (2 g6c bu nhau)
sin(180° — o) = sina; c0s(180° — o)) = — cosa;
tan(180° — o)) = — tana; cot(180° — o) = — cota.

Bai 1. Tinh gid tri cua biéu thic:
A = c0s?120° — sin*150° + 2tan?135° — sin®90°
B = c0s20° + cos40° + cos160° + cos140°
A = c05%120° — sin®150° + 2tan®135° — sin“90°

(LY (1Y, Ly g o
[2) @mn =1

B = c0s20° + c0os40° + cos160° + cos140°
= c0s20° + c0s40° + (—c0s20°) + (—c0s40°) = 0

@ DANG 2: CHUNG MINH CAC HE THUC VE GIA TRI LUQNG GIAC

& Phwong phap

- Duva vao dinh nghia gi4 tri lugng gidc cta goc a. (0 < o < 180°).

- Duya vao tinh chét ciia tong 3 goc ctia mot tam giac bang 180°,

Bai 2. Cho AABC. CMR: a) sinA =sin(B + C) b) cosA = —cos(B + C)

a. CMR :sinA=sin(B + C)
Trong AABCtacd: A+B+C=180°
Do d6: VP =sin(B + C) = sin(180° — A) = sinA = VT (dpcm)
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b. CMR: cosA =-cos(B + C)
VP = —cos(B + C) = —c0s(180° — A) = — (—cosA) = cosA = VT (dpcm)
Bai 3. CMR: cos’o. + sina =1  (0° < o < 180°)

Ya Ya
M(x.,
Bo¥o) s M(%,o)
& o
H O X of H ik

Néu a = 0° thi cos®o + sina =12+ 0% =1
Néu a = 90° thi cos®a + sin‘a. = 0%+ 1%2=1
Néu a = 180° thi cosa + sin‘a = (— 1)+ 0° =1

Néu o # 0°, o # 90°, o # 180°. Lay diém M (Xo, Y,) trén nira duong tron don vi sao

cho xOM = a. Goi H, K 1an luot 1a hinh chiéu vuéng goc ciia M trén Ox, Oy.
Ta c6: sin“a + cos’a = y2 + x> = MH? + OH?
AOMH vuéng tai H = MH? + OH*= OM?=1
(do OM 14 ban kinh ctia duong tron don vi).
Vay: sin“a + cos?o. = 1 (dpem)

Bai 4. Chitng Minh rang: tana = L (o = 90°)
cota

Trén nira duong tron don vi 1y diém M(x,, Y,) Sa0 cho XOM = o. Theo dinh nghia ta

, X " X 1
cé: tana = ﬁ; coto = — nén tana.cota = ﬁ.—" = 1= tana = ola (dpcm)
o

X, Yo Xo Yo
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BAI TAP
Bai 1. Tinh gié tri cua cac biéu thirc:
A = (2sin30° + cos135° — 3tan150°)(cos180° — cos60°)
B = sin”90° + c0s?120° + cos’0° — tan’60° + cot’135°
C = (cos150° + sin150°)(cos30° + sin30°)
D = co0s0° + c0s10° + c0s20° + ... + cos170° + cos180°

e o o o

Bai 2. Pon gian biéu thirc:
a. A = (asin90° + btan45°)(acos0° + bcos180°)
b. B =4a’cos*60° + 2ab.cos*180° +? b%c0s?30°

c. C=cos16° + cos80° + c0s100° + cos164°

d. D =2sin(180° - a).cota. — cos(180° — a).tana..cot(180° — o)
Bai 3. Cho AABC. Chung minh rang:

a. sin(A +B) =sinC c. tan(A + B) =—tanC

b. cos(A +B) =-cosC d. cot(A + B) = —cotC
Bai 4. Chitng minh rang:

a. 1+ tano =

cos’a.

b. 1+ cot?a =— >
sin‘a

.. , ey e a2 , 3sina —
Bai 5. Cho tana = +/2 . Tinh gia tri cua biéu thic: E = w
sina + cosa
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§2. TICH VO HUONG CUA HAI VECTO

I1. KIEN THU'C CO BAN

1. Géc gitra hai vecto

Cho hai vecto a va b khac 0. Tt diém O nao do tavé _,

. I a
OA=a va OB =b.Khido, A
a
goc AOB la goc gitra 2 vecto a va b. 0
Ki hiéu: (& 13) b o
b B

e Néua=0hoicb=0thi(a b)tlyy

e Néu(a b)=90°thi a L5
Vi du 1. Cho AABC vudng tai A va cé B = 60°. Khi do,
(BA, BC) = 60°
(BA, CB) =120°
(AC, BC) = (CA, CB) = 30°
(
(

S—

=150°

2|
's.a\

AC, AB) 90°

2. Tich vd hwong cia hai vecto
Tich vo hudng cua hai vecto 1a mot sd, ki hiéu a.b dugc xac dinh boi:

a.b=lal.|b .cos(é, B)

Vi du 2. Cho hinh vudng ABCD canh a. Tinh AB. AC; AB.BC; AC.DC

« AB.AC =|AB||AC|.cos(AE, AC) A :
45°

= a.a/2.c0s45° = a? \/_\/_ a’

e AB.BC :‘ABH BC\.cos(AB, BC)

D C

e AC.DC= ‘A_C.HD—C‘.COS(A—C, D—C) = a.a/2.c0s135° = a’./2. (—QJ =—a’

= a.a.c0s90° = a%.0=0

2
° e 22 A A =
% Chuy: a :a.a:‘a‘

3. Tinh chit

Véia, b, ctlyyvak e R. Taco:
b=1b.a

tu
e a.b=b.
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e(k.a).b=a.(k.b)=k.(a.b)

. a.b=0walh ca(brc)=a.ba.c

4. Biéu thirc toa dd ciia tich vd huéng

Trong h¢ toa do: (0, T, ]) choa = x;y), b= x5 y)

o Tich vo huéng cia2 vecto: a. b= x. X +y.V
. D6 dai cua vecto a ‘5‘ = X2 +y?

e -~ -y _ a.b XX + Y.y
o Goc gitra hai vecto : cos(a, b) - a.b Yy

‘EHB‘ ) PE+y? X+ y?
(a#0, b#0)
o Picbiét:a Lbeo xxX+yy =0

Vidu3:Choa=(3;-1), b=(2;1), c=(5m)

a. Tinh tich vo huéng a. b c. Tinh goc giira 2 vecto a, b
b. Tinh d6 dai cua vecto a d. Timmdé a L ¢
Giai

a.b=32+(-1).1=6-1=5
\5\:«/9+1:J1_o
S oy 32+(-1)1 5 N2 -
C. cos(a,b)—\/m\/m—@— > :>(a,

d alce35+(-1)m=0<=m=15

):45°

5. Khoang cach giira hai diém A(xa, Ya); B(Xg, V&)

o AB=(Xg—XaiYs—Ya)
e AB= ‘E‘ :\/(XB _XA)2 + (Y _yA)2

Vi du 4: Cho A(3; 2), B(~1; 5). Tinh d¢ dai doan AB:

Giai
AB:\E\:\/(—1—3)2 +(5-2)% =16 +9 =25 =5.

I1. BAI TAP AP DUNG

@ DANG 1: TINH TiCH VO HUONG CUA HAI VECTO

&Phwong phap
- X&c dinh goc giita 2 vecto: a Va b
- Ap dung cong thic: 5.5:‘5‘.‘5‘.005(5,5)

Bai 1. Cho AABC déu canh a. H 1a trung diém BC, G 1 trong tdm ctiia AABC,
a. Tinh AB.AC; AB.BC
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b. Tinh AB.AH ; BC.AH
c. Tinh GA.AC;GB.GC

Giai
a. Tinh AB.AC; AB.BC

e AB.AC= ‘,@‘.‘AT:‘.COS(ATB, A—C) = 2.a.c0s60° = 2
2

. 2

e AB.BC-= ‘@“ ﬁ‘.cos(,@, ﬁ) = a.a.0s120° = -

b. Tinh AB.AH ;BC.AH

a3 a’

e AB.AH = ‘ABHAH‘COS(AB AH)-a c0s30° = &
4
e BC.AH =0 (do AH L BC)
c. Tinh GA.AC:GB.GC
. G—A.A—C=‘G—A‘.‘A—C‘.COS(G—A, A—C)=@.a.cos15o°=—a—2
3 2
. G—B.G—C=‘G—BH@‘.COS(G_B',GC)—Ei 0s120° = ~ &
3 6

@ DANG 2: CHUNG MINH CAC PANG THUC VE VECTO CO LIEN QUAN DEN

TiICH VO HUONG

& Phwong phap:
- Dung quy tic 3 diém : AB + BC = AC hay OA — OB = BA

- Sir dung tinh phéan phdi cta tich vo hudng :
a(b+c)=a.b+a.c a(b-c)=a.b-a.c

Bai 2. Cho AABC véi diém M tuy y. CMR:
MA.BC+ MB.CA+MC.AB=0
b. MA.MB = OM? — OA? (v6i O 1a trung diém AB).
a. VT = MA.BC+MB.CA+MC.AB
:m.ﬁt+(m+@).@+(m+m).,@
= MA.BC+MA.CA+AB.CA+MA.AB+AC.AB
= MA.(BC + CA + AB) + AB . (CA + AC)
= MA.0+AB.0=0 = VP (dpcm)
b. VT IW.WB:(WO+@)(WO+OTB)
:(W)+ﬁ)(%—ﬁ):%2—07\2
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= MO? - OA? = VP (dpcm)

@ DANG 3: CHUNG MINH SU VUONG GOC CUA HAI VECTO

&Phwong phap:
St dyng tinh chdt: a Lb<a.b=0

Bai 3. Cho AABC cé gocc A nhon. Vé bén ngoai AABC cac tam giac AABD va AACE vuéng

can tai A. Goi M 1a trung diém BC. CMR: AM L DE.

Giai
Chtrng minh : AM L DE.
; S — D
(Ta can chimg minh : AM . DE = 0)
Taci: AB + AC = 2AM (quy tac trung diém)
= AN = 1 (28 + AC) ¥
2
e DE=AE-AD
AM.DE = ~(AB + AC)(AE - AD) B M

= ~(AB.AE - AB. AD + AC . AE - AC . AD)
0 0

= =(AB. AE - AC. AD)
= ~[AB. AE . cos(AB, AE) - AC.. AD . cos(AC, AD)]
= | AB. AE . cos(90° + A) - AC. AD . cos(90° + A

%.o:o (vi AB = AD, AE = AC)

— AM L DE = AM L DE (dpcm)

@ DANG 4: TIM TQA PO PIEM-VECTO THOA PIEU KIEN CHO TRUOC

&Phwong phap
- Sir dung biéu thirc toa d cua tich vo hudng: a(x; y), b(x ' y')

a.b=x.x+y.y; H:m

- =\ a.b _ X.X+y.y
cos(# b) = R G

AB = ‘E‘ = \/(XB - XA)2 +(Yg — yA)2

Bai 4. Trong hé toa do (o, i, ]) cho diém A(-1; 2) va B(5; 4)

a. Tim diém M trén truc Ox sao cho AMAB vulng tai M.
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Bai 1.

Bai 4.

Bai 5.

Bai 6.

Tim diém N trén truc Oy sao cho ANAB cén tai N.

Giai
Tim diém M trén truc Ox sao cho AMAB vudng tai M
Vi M e Ox nén M (m; 0). AMAB vudng tai M < AM . BM =0
e AM=(m+1,-2) ; BM = (m -5, —4)
e AM.BM=0
oM+1)(M-5+8=0=m* -4m+3=0=m=1vm=3
Viy ¢6 2 diém M, (1; 0) va M,(3; 0)
Tim diém N trén truc Oy sao cho ANAB can tai N
Vi N e Oy nén N(0; n). ANAB can tai N <> AN = BN
& J0+1)2 +(n-2)? =/(0-5)+(n - 4)°
S1+n*—4n+4=25+n*-8n+16<=4n=36<=n=9
Vay: N(0, 9) thoa yéu cau bai toan.

BAI TAP

Tinh gbc giira 2 vecto a, b biét:

a=(1,-2) va b=(-1;-3)
=(;2)vab=(1-2J3V3+2)
a=(V2:-V3) va b= (3-2; 3 +6)

AABC la tam giac gi? Biét:

A(0; 3), B(-3; 1) va C(1; -5)

A(3; 2), B(-2; 1) va C(4; -3)

Trong mp toa do (O, i, ]) cho A(-1; -1), B(5; 6):

D

Tim M trén truc hoanh dé AABM can tai M.
Tim N térn truc tung dé AABN vubng tai N.
Tim toa d6 diém C sao cho O 1a trong tdm AABC.

Cho a = (%,- —5) va b = (m; —4). Tim m dé:

alb b.‘é‘:‘ﬁ‘ C. a cung phuong b
Cho AABC vudng can tai A, c6 AB =AC =a.

Tinh: AB. AC; BA.BC; AB.BC

Cho AABC c6 AB =5cm, AC =8cm, BC = 7cm.

Tinh AB. AC r6i suy ra gia tri goc A.
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b. Tinh CA.CB.
Bai 7. Cho 4 diém A, B, C, D. CMR: DA . BC + DB .CA + DC . AB =0
Suy ra cach ching minh dinh 1y “3 duong cao ciia tam giac dong quy”.
Bai 8. CMR : AABC vudng tai A < BA . BC = AB?
Bai 9. Cho AABC c6 3 trung tuyén AD, BE, CF. CMR:
BC.AD+CA.BE+AB.CF=0
Bai 10. Cho AABC c6 A(5; 6), B(4; —1), C(-4; 3). Tim toa do:
a. Trong tdm G cua AABC.
b. Truc tam H cua AABC.
. Chéan dudng cao A’ cta dudng cao ké tir A.
d. Tim toa do tam I cia duong tron ngoai tiép AABC.
e. CMR: G, H, I thang hang.
Bai 11. Cho AABC véi A(1; 5), B(-4; -5), C(4, -1).
a. Tim toa do chan duong phan giac trong va ngoai A.
b. Tim toa d6 tam J ctia duong tron nodi tiép AABC.
Bai 12. Cho doan AB c6 dinh AB =2a, k € R . Tim tip hop diém M thoa:
a. MA.MB =K b. MA® - MB? = k?
Bai 13. Cho 2 diém M, N nam trén duong tron dudng kinh AB = 2R. Goi I 1a giao diém AM
va BN:
a. CMR: AM . Al =AB.Al, BN.BI = BA.BI
b. Tinh: AM. Al + BN . Bl theo R.
Bai 14. Cho 2 dudng thing AB va CD cit nhau tai M.

CMR: A, B, C, D cung thufc dudng tron < MA . MB = MC . MD.

Bai 15. Cho AABC, M e BC sao cho MB . MC = MA?.

CMR: MA 1a tiép tuyén cua duong tron ngoai tiép AABC.
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ON TAP CHUONG II
< ’ .o T m ---------
I. KIEN THUC CO BAN
1. Tich v hwéng ciia 2 vecto: a, b
a.b= ‘ ‘ ‘ ‘ cos (a b)

2. Biéu thirc toa dd ciia tich vd hwéng 2 vecto : a = (x; y), b = (X'; y')

a.b=xx+yy

3. D§ dai ciia vecto: a = (x; y)

o=y

4. Goc giira 2 vecto" a=(xy) b=y

cos(a b) XX+ VY

L Ty ey
5. Khoang cach giira 2 diém A(xa; V), B(Xs; V&)

E = (XB —Xar Y — yA)
AB =| AB|= /(x5 — X,) + (Vs ~ Ya)’

BAI TAP
Bai 1. Tinh gid tri cta biéu thic:
a. A =sin120° + 2sin150° — c0s150° — cot135°
b. B =co0s5° + c0s10° + cos15%+ ... + cos170° + cos175° + cos180°
Bai 2. ABC vudng tai C, c6 AC =9, BC =5. Tinh AB.AC
Bai 3. Cho ABC biét AC=8,CB=7,AB=5
a. Tinh AB.AC
b. Tinh CA.CB
c. Goi D la diém trén canh CA sao cho CD = 3. Tinh CD.CB
Bai 4. Cho ABC, M la trung diém BC:
CMR: AB.AC = MA” - MB.
Bi 5. Cho hinh chit nhat ABCD, M 1a diém tuy y. CMR:
a. MA.MC=MB.MD
b. MA’> + MB.MD = 2. MA . MO (O la tAm hinh chi¥ nhat)
Bai 6. Cho ABC can tai A. Goi I 13 trung diém BC va H 1a hinh chiéu vudng goc cua I trén
AC, M 1 trung diém IH. CMR: AM 1 BH
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Bai 7. Cho ABC biét A (5; 6), B (4; -1), C (-4; 3)
a. Tim toa do trong tam G, tryc tam H va tadm I ctia duong tron ngoai tiép ABC.
b. CMR: I, G, H thang hang.

Bai 8. Cho ABC c6 A (-2; 2), B (6; 6), C(2; -2)

CMR: A, B, C khong thang hang.

Tim toa d6 diém D d¢é ABCD I hinh binh hnh.

Tim diém M thudc truc x’Ox dé ABM vudng tai B.

ABC la tam giac gi?

® 2 0o T P

Tim toa do truc tam H cua ABC.

Bai 9. Cho hai diém A (-3; 2), B(4; 3). Tim toa do cua
a. Piém M e Ox sao cho AMAB vudng tai M.
b. Piém N e Oy sao cho NA = NB.
c. Piém I € Oy sao cho 3 diém A, I, B thang hang.
d. Piém C sao cho ABC vudng cén tai C.
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